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PREFACE. 



Although Algebra naturally follows Arithmetic in 
a course of scientific studies, yet the change" from the 
methods of reasoning on numbers to a system of rea- 
soning entirely conducted by letters and signs, is rather 
abrupt and not unfrequently discourages the pupil. 

In this work, it has been the intention, to form a 
connecting link between Arithmetic and Algebra, to 
unite and blend, as far as' possible, the reasoning on 
numbers with the more abstruse methods of analysis. 

The Algebra of M. Bourdon has been closely follow- 
ed. Indeed, it has been a part of the plan, to furnish 
an introduction to that admirable treatise, which is 
justly considered, both in Europe and this country, as 
the best work on the subject of which it treats, that 
has yet appeared. The work of Bourdon, however, 
even in its abridged form, is too voluminous for schools, 
and the reasoning is too elaborate and metaphysical 
for beginners. 

It has been thought that a work which should so far 
modify the system of M. Bourdon as to bring it within 
the scope of our common schools, by giving to it a 
more practical and tangible form, could not fail to be 
useful. Such is the object of the Elementary 
Algebra. 



PREFACE. 



The success which has attended this effort, so to 
simplify the subject of. Algebra as to bring it within 
the range of common school instruction, has been pecu- 
liarly gratifying. It is about twelve years since 
the first publication of the Elementary Algebra. 
Within that time, between twenty and thirty editions 
have been printed, and several works of other authors, 
have also appeared, modelled after the same general plan, 

In .the present edition, few alterations have been 
made in the general plan of the work. The introduc- 
tion has been somewhat enlarged for the purpose of 
preparing the pupil by a thorough system of mental 
training, for those processes of reasoning which are 
peculiar to the algebraic analysis. 

I have availed myself, in the present edition, of 
many valuable suggestions from teachers who have 
•used the work, and favored me with their opinions 
both of its defects and merits. 

The criticisms of those engaged in the daily business 
of teaching are invaluable to an author; and I shall 
feel myself under special obligations to all such who 
will be at the trouble to communicate to me, at any 
time, such changes, either in methods or language, as 
their experience may point out. It is only through 
the cordial co-operation of teachers and authors — by 
joint labors and mutual efforts, that the text-books of 
the country can be brought to any reasonable degree 
of perfection. 



Fisheill Landing, 
July, 1852. 
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SUGGESTIONS TO TEACHERS. 



1. The Introduction is designed as a mental exercise. If 
thoroughly taught, it will train and prepare the mind of the 
pupil for those higher processes of reasoning, which it is the 
peculiar province of the algebraic analysis to develop. 

2. The statement of each question should be made, and 
every step in the solution gone through with, without the 
aid of a slate or black-board ; though, perhaps in the be- 
ginning, some aid may be necessary to those unaccustomed 
to such exercises. 

3. Great 'care must be taken to have every principle on 
which the statement depends, carefully analyzed ; and equal 
care is necessary to have every step in the solution distinct- 
ly explained. 

4. The reasoning process 'embraces the proper connection 
of distinct apprehensions, and the consequences which follow 
from such a connection. Hence, the basis of all reasoning 
must lie in distinct elementary ideas. 

5. Therefore, to teach one thing at a time — to teach that 
thing well — to explain its connections with other things, and 
the consequences which follow from such connections, would 
seem to embrace the whole art of instruction. 
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LESSON I. 



1. John and Charles have twelve apples between tnern. 
and each has as many as the other: how many has each? 

If we suppose the apples divided into two equal parts, it 
is plain that jQhn will have one part and Charles the other: 
hence, they will each have six apples. 

In Algebra, we often represent numbers by the letters of 
the alphabet ; that is, we take a letter to stand for a num- 
ber. Thus, let x stand for the apples which John has. 
Then, as Charles has an equal number, x will also stand for 
the apples which he has. But together, they have twelve 
apples, hence, twice x must be equal to 12. This, we write 
thus 

x + x = 2a; = 12 ; 

and if twice x is equal to 12, it follows that once x, or «, 
will be equal to 12 divided by 2, or equal to 6. This, we 
write thus : 

When- we write x by itself, we mean one x, or the same as 
lx. If we write 2x, we mean that x is taken twice ; if 3x, 
that it is taken three times, &c. 

1 . In the first question, how many apples has each boy ? By whai 
are numbers represented in Algebra- ? If x stands by itself, how many 
times x are expressed ? "What does lx denote? What 3a: ? "What ix, 
<feo. If we have x + x, to how many times x is it equal ? If we hav» 
the value of 2x, how do we find the value of x % 

1 



Z ELEMENTARY ALGEBRA. 

g. James and John together have 24 peaches, and oner has 
as many as the other : how many has each ? 

Let x stand for the number of peaches which James has: 
then x will also denote the number of peaches which John 
has; and since they have 24 between them, 
x -)- x = 24 ; 

24 

that is, 2a: = 24 and x = — = 12. 

Therefore, each has twelve peaches. 

1 William and John have 36 pears, and one has as many 
as tne other: how many has each? 

Let the number which each has be denoted by x. 
men x + x = 36 ; 

36 

that is, 2x = 36 and x = — = 18. 

4. What number is that which added to itself -will give a 
sum equal to 20 % 

Let the number be denoted by x : then, as the number ia 

to be added to itself, we have 

x + * = 20 ; 

20 
that is, 2a; = 20 or x = — = 10. 

Hence, 10 is the number. 

5. What number is that which added to itself will give a 
sum equal to 30 1 

2 1 la the Becond question, what does x stand for? What is twice x 
equal to ? How then do you find the value of x ? 

3^ In the third question, what does x stand for ? What is x equal to ? 
How do you find the value of x I 

4. In the fourth question, what does x Btand for ? What is twice * 
equal to ? How do you then find x ! 

5. In the fifth question, what does x stand for ! How do you find ita 
ralue t 
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6. What number is that which added to itself will give a 
sum equal to 50 ? 

7. What number is that which added to itself will give a 
sum equal to 100? 

8. What number added to itself will give a sum equal 
to 80 ? 

9. What number added to itself will give* a sum equal 
to 25? 

10. What number added to itself will give a sum equal 
to 3" 4? 



LESSON II. 

} John and Charles together have 12 apples, and Charles 
ha ■. twice as many as John : how many has each ? 

If we now suppose the apples to be divided into three 
equal parts, it is svident that John will have one of the 
parts and Charles two of them. 

Let us denote by x the number of apples which John has. 

Then 2x will denote what Charles has, and x + 2a; will be 

equal to the whole number of apples. This equality is thus 

expressed : 

a: + 2z=12; 

12 
that is, . 3a; = 12 or x = — = 4, 

therefore, John has 4 apples, and Charles 8. 

6. How do you find the value of x in the 6th question ? How in the 
8th \ How in the 9th ? How in the 10th f 

Questions ok Lesson II. — li Into how many parts do we suppose 
the 1 2 apples to be divided ? How many of the parts will John have I 
What is the value of each part ? If x stands for one of the parts, what 
will stand for two parts ? What for three parts ? If you have th« 
ralue of 3a;, how will you find the value of x ? 
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2. James and John have 30 pears, and John has twice as 
many as James : how many has each ? 

Here, again, let us suppose the whole number to be divided 
into three equal parts, of which James must have one part, 
and John two. 

Let us then denote by x, the number of pears which 
James has : then 2x will denote the number of pears which 
John has, and x + 2x will be equal to the whole number of 
pears : and we shall have 

. x + 2a; = 30 ; 

30 

that is, 3a; = 30 or x = — = 10. 

o 

3. William and John have 48 quills between them, and 
John has twice as many as William : how many has each 1 

Let the number of quills which William has be denoted 
by x : then, since John has twice as many, his will be de- 
noted by 2.1!, and the number possessed by both, will be de- 
noted by x + 2x. Hence, we shall have 
x + 2x = 48 ; 

48 
that is, 3a; = 48 or x = — = 16. 

o 

Hence, William has 16 quills, and John 32. 

4. What number is that which added to twice itself, will 
give a sum equal to 60 ? 

Let the number sought be denoted by x, then twice the 
number will be denoted by 2x, and we shall have 
x + 2a; = 60 ; 

that is, 3a; = 60 or x = — = 20 ; 

and we see that 20 added to twice itself will give 60. 



2. In question second, what is the value of one of the parts ? What 
in question 3d ? How do you state question 4th ? 
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5. John says to Charles, "give me your marbles and I 
shall have three times as many, as I have now." " No " 
says Charles, " but give me yours, and I shall have just 51." 
How many had each 1 

Let the number of marbles which John has be denoted 

by x : then, 2x will denote the number which Charles has, 

and since they have 51 in all, we write 

x + 2x = 51 ; 

51 
that is, 3x = 51 or x = — = 17. 

3 

6. What number is that which added to twice itself will 
give a sum equal to 75 ? 

Let the number be denoted by x: then, twice the number 

will be expressed by 2x, and 

x + 2x = 75 ; 

75 
that is, 3a: = 75 or x = — - = 25. 

3 

7. What number added to twice itself will give a sum 
equal to 90 1 

8. What number added to twice itself will give a sum 
equal to 57 1 

9. What number added to twice itself will give a sum 
equal to 39 1 

10. What number added to twice itself will give a sum 
equal to 21 ] 



LESSON III. 
1. If James and John together have 24 quills, and Johri 
has three times as many as James, how many has each 1 ? 

5. How do you stale question 6th ? . Explain the 6th question ? Also 
the 7th ? What is the required number in the 8th ? What in the 9th • 
What in the 10th ? 
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It is plain that if we suppose the twenty-four quills to be 
divided in four equal parts, that James will have one of the 
parts, and John three. 

Let us now denote by x the number of quills which James 

has : then 3x will denote the number of quills which John 

has, and we shall have 

x + 3x = 24 ; 

24 
that is, 4a; = 24 or x = — = 6. 

' 4 

2. What number is that which added to three times itself 
will give a sum equal to 48 % 

• If we denote the number by x, we shall have 

x + 3x = 48 ; 

48 
that is, 4* = 48 or x = — = 12. 

' 4 

3. John and Charles have 60 apples between them, and 
Charles has three times as many as John : how many has each 1 

If we suppose the number of apples to be divided into 
four equal parts, it is evident that John will have one of 
those parts, and Charles three. 

Let x = the number which John has ; then 3x will stand 

for the number which Charles has, and we shall have 

x + 3x = 60 ; 

, . „. 60 , 

that is, 4a: = 60 or x = — - = 15. 

4 

Eence, John will have 15 and Charles 45. 

1. If the twenty -four quills be divided into four equal parts, how 
many parte will John have ? How many will James have ? What is 
each part equal to ? • 

2. If three times a number be added to the number, how many times 
will the number be taken ? If ix is equal to 48, what is the value of % \ 
Explain the third question. If ix is equal to 60, how do you find the 
value of x i 
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4. What number is that which being added to three times 
itself will give a sum equal to 100 ? 

Let the number be denoted by x : then 
x + 3x = 100 ; 

p»at is, 4a: =100 or z = i^=25. 

5. What number is that which if added to four times it- 
self, the sum will be equal to 60 ? 

Let x denote the number. Then, 
x + 4x = 60 ; 

that is, 5a; = 60 or x = — = 12. 

5 

6. What number is that which being multiplied by 3, and the 
product added to twice the number will give a sum equal to 75 1 

Let the number be denoted by x. 

Then, 3x = the product of the number by 3 ; 

and 2x = twice the number ; 

and 3z + 2x = 5a; = 75 ; 

75 
or x =z — = 15, the required number, 

o 

7. What number is that which being added to three times 
itself will give a sum equal to 140 ? 

8. What number is that which being multiplied by 5, and 
the product added to the number, will give a sum equal to 240 ? 

9. What number is that which being multiplied by 2, and 
then by 3, and the products added, will give 125 ? 

5 ■ If a number be added to four times itself, how many times will the 
number be taken ? 

6. If x stands for any number, what will stand for three times that 
number? "What for twice the number? Explain the 1th question 
How do you state it ? What is 4x equal to ? Why f How then do 
you find x ? How do you state the 8th question t What is 6x equal to ? 
How then do you find x ? 

9 ■ If x denotes a number, what will stand for twice the number I 
What for three times the number ? 



ELEMENTARY ALGEBRA. 



LESSON IV. 



1. John and Charles together have 80 apples, and Chan ^ 
lias four times as many as John : how many has each ? * 

If we suppose the 80 apples to be divided into 5 equal 
parts, it is evident that John will have one of the parta s and 
Charles four. 

Let x stand for the number of apples which John has : 

then 4x will stand for the number which Charles has ; and 

x + 4x — 80 ; 

80 
that is, 5x = 80 and x = — = 16. 

o 

2. What number added to four times itself will give a sum 
equal to 90 * 

3. What number added to five times itself will give a sum 
equal to 120 1 

4. What number added to six times itself will give a sum 
equal to 245 ? 

5. What number added to seven times itself will give a 
sum equal to 360 1 

6. What number added to five times itself will give a sum 
equal to 200 ? 

7. What number added to itself and the sum to four 
times the number will give a sum equal to 72 1 

1. If x stands for John's apples, what will denote Charles' ? What 
will stand for the apples which they both have ? If 5x is equal-to 80, 
■what will x be eqnal to ? If a number be added to four times itsel.', 
how many times will the number be taken ? If 6 times a number is 
equal to 90. what is the value of the number? Explain example 3d 
Explain question 4th. What does x stand for ? Explain the 5th que* 
tion. Explain example 6th. 
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LESSON V. 

1. What number added to five times itself, will give a 
sum equal to 60 ? 

2. John has a number of marbles and buys four times as 
many more, when he has seventy-five : how many had he 
at first? 

3. If x be taken seven times, and then eight times, how 
many times will it be taken in all 1 

4. If x be made equal to 5, in the last example, what will 
be the numerical value of the sum ? 

5. Find two numbers whose sums shall be fifty, and one 
of them four times the other ? 

Let x denote the less number : 

then, 4x will denote the greater : 

and by the conditions of the question 

x + 4a: =: 50 ; 

hence, 5a; = 50 ; or x = — = 10. 

o 

6. Find two numbers whose sum shall be forty-five, and 
one of them eight times the other. 

7. Divide the number thirty into two such parts that the 
greater shall be four times the less. 

8. Divide the number forty-eight into two' such parts that 
the greater shall be five times the less. 

9. Divide the number sixty-four into two such parts that 
the greater shall be seven times the less. 

10. What is the sum of 9x and three a;? What is the 
mm equal to, numerically, if x is equal to 5 ? 

11. What is the sum of eight x and one x 1 What is the 
6um equal to, numerically, when x is 7 ? 

1* 



Missing Page 
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8. Divide twenty-four into three such parts that the 
second shall be double the first, and the third three times 
the first. 

9. Divide the number fourteen into three such parts, that 
the second shall be double the first, and the third double 
the second. 

10. John has three times as many marbles as William, 
has tops : the tops cost three cents a piece, and the marbles 
one cent, and together they cost thirty cents : how many 
had each? 

11. Jane has a blush rose bush, a moss rose bush, and a 
white rose bush ; and together they have thirty-three buds ; 
the buds on the second are double those on the first, and 
those on the third four times those on the second : how 
many on each? :'. 



LESSON VII. 

1. James has three times as many marbles as Charles, 
and together they have thirty-two : how many has each ? 

Let x = the number of marbles which Charles has : 
then Sx = the number James has : 
and x -f- Sx — 32 what both have. 

qo 

Then Ax = 32; or x = — = 8 • 

4 

therefore, Charles has 8, and James 8 X 3 = 24. 

2. John, Charles, and William have ninety books : Charles 
has five times as many as John, and William four times as 
many as John : how many has each ? 
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Let x = the number which John has : 
then 5x = the number Charles has, 
and Ax = the number William has. 
Then, x + 5a; + Ax = DO, the number they all have. 

90 
Hence, Wx = 90 ; or x = — = 9. 

Therefore, John has 9 ; Charles 45, and William 36. 

3. The sum of three numbers is twenty-four : the second 
is twice the first, and the third five times the first : what 
are the numbers 1 

4. The sum of three numbers is thirty-eight : the second 
is three times the first, and the third five times the second : 
what are the numbers 1 

5. The sum of three numbers is forty-eight : the second is 
seven times the first, and the third is equal to the sum of 
the first and second : what are the numbers 1 

6. The sum of four numbers is seventy : the second is 
four times the first ; the third three times the first, and the 
fourth double the third : what are the numbers ? 

7. Divide the number thirty-nine into three such parts, 
that the second shall be three times the first, and the third 
three times the second. 

8. Divide the number seventy-five into two such parts, 
that the less shall be one-fourth of the greater. 

9. Divide one hundred and thirty-three into three such 
parts, that the second shall be three times the first, and the 
third five times the second. 

10. Divide eighty-five into four such pasts that the second 
shall be four times the first, the third four times the second 
and the fourth four times the third. 
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LESSON VIII. 



Note. — Let the pupil now read Articles 60, 61, and that part of Art 
64, ■which is found on page 90. Also, Art. 65i 

1. James receives five apples from John, and then has 
twelve : how many had he at first 1 

Let x = the number he had at first. 
Then x + 5 = 12, what he had afterwards. 

Now, if x increased by 5, equals 12, x must be less 
than 12, by 5. Hence, 

a; = 12 — 5 = 7. 

When we take a number from one member of an equa- 
tion and place it in the other, we are said to transpose it. 

2. "William has eight marbles more than John, ar;d to- 
gether they have thirty-six : how many has each 1 

Let x = the number which John has : 

then x + 8 = the number William has, 
and 2a; + 8 = 36, the number they both have. 

Now, if 2a; increased by 8 is equal to 36, 2* must be 
equal to 36 diminished by 8 : hence, 

2a; = 36 — 8 = 28 

28 1A 
or x = — = 14. 

Hence, we see that a plus number may be transposed from 
one member of an equation to the other, by simply chang 
ihg its sign to minus. 

3. A father's age is double his son's, and the sum -of 
their ages increased by four is equal to 64 : what is the age 
of each 1 
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Let x denote the son's age : 
then 2x -will denote the father's age, 
and 2x + x will denote the sum of their ages. 

But by the conditions Of the question 
2x -f- x + 4 = 64 ; 
hence, 3x + 4 = 64 

and 3x = 64 — 4 = 60, 

Aft 

or x = -^- = 20, the son's age. 

and 20 X 2 = 40, the father's age. 

4. A farmer has three pastures for sheep. In the second 
he has twice as many as in the first, and in the third as 
many as in the first- and second less 15, and- he has in all 
fifty-seven : how many has he in each pasture ? 

5. What number is that to which if ten be added, the 
sum will be equal to three times the number % 

6. John bought an equal number of pears, peaches, and 
oranges ; for which he paid one dollar ; he paid a cent a piece 
for the pears and peaches, and three cents a piece for the 
oranges : how many did he buy of each sort ? 

7. A man deposited in a savings bank, at different time's, 
eighty dollars. The second deposit was double the first, and 
the third was equal to the first and second and eight dollars 
over : what was the sum deposited at each time ? 

y. A horse, cart, and harness, together cost one hundred 
and twenty dollars : the cost of the horse plus twenty dol- 
lars was equal to the cost of the cart and harness, and the 
cart cost twenty dollars more than the harness. 
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LESSON IX. 



1 . Divide twenty-one dollars between James, John, and 
Charles, so that James shall have four dollars more thai) 
John, and John one dollar more than Charles. 

Let x = James' share of the $21 : 

then x — 4 — John's share, 
and x — 4 — 1 = Charles' share, 
and their sum, x-\-x + x — 4 — 4 — 1 = 21: 
hence, Sx — 9 = 21. 

Now, if 3x diminished by 9 equals 21, Sx must be equal 
to 21 increased by 9, 
therefore, Sx = 21 + 9 = 30 

30 

or, x = — = 10. 

o 

Hence, John's share = 10 — 4 = 6, 
and Charles' share = 10 — 5 = 5. 

Eemark. — We see from the above example, tHat a nega- 
tive number may be transposed from one member of an 
equation to the other by simply changing its sign to plus. 

2. A person goes to a tavern where he spends three shil- 
lings : he then goes to a second and spends nine shillings, 
which is three times as much as he had left : what had he at 
first? 

3. Three persons, A, B, and C, spend at a tavern, twenty- 
eight dollars : B spends three dollars more than A, and C 
seven dollars more than B : how much does each spend ? 

4. There are four numbers whose, sum is 33 : the second 
is double the first ; the third is three times the second, and 
the fourth is four times the third : what are the numbers 1 
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5. The sum of two members is 13, and their difference 
three : what are the numbers ? 

Let x = the greater : 

then x — 3 — the less ; 

and 2x — 3 = 13 : hence 2x = 13 + 3 = 16, 

16 
«w z = — = 8; and 8 — x = 5, 

hence, the numbers are 8 and 5. 

6. James says to John, " give me five of your marbles 
and I shall have twice as many as you now have" : together 
they have nineteen : how many has each ? 

Let x denote the number which James has. 
Then, 19 — x will denote what John has ; 

and by the conditions of the question, 

x + 5 = 2 (19 - x) = 38 — 2r 
then, by transposing 2x and 5, we have 
Zx = 38 — 5 — 33, 

33 i, 
or, x = — =U. 

Remark. — When we wish to multiply an algebraic ex- 
pression, composed of two or more terms, by any number, 
we place those terms within a parenthesis, and write the 
multiplier on the left, or right. Thus, 

2(19-z) or (19- r)2 

denotes that the difference between 19 and x is to be multi- 
plied by 2. 

7. The sum of the ages of a mother and daughter is 56 : 
the daughter's age is one-third of the mother's age : what is 
the age of each ? 
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LESSON X- 



1. If from 3x we take x, what will .remain 1 If we take 
away 2x, what will be left ? If we take away 3x, what will 
be left ? 

2. If from 3x, we subtract x — 1, what will be left 1 ? 
Here we propose to take from 3x n number, less than * 

by 1. If then, we subtract x from 3x, leaving 2x, we shall 
have taken too much, and consequently, the remainder will 
be too smajl by 1. Hence, to obtain the true remainder 
we must add 1 ; and we then have 

3x — {x — 1) =: 3x — x + 1 = 2x + 1. 
This, and all similar results, are obtained by merelj 
changing the signs of the subtrahend, and adding the terms. 

3. What is the difference between 

4x + 3 and 2x — 2 
4z + 3 — (2x — 2) = 4x — 2x + 3 + 2 = 2x + 5. 

4. What is the difference between 

Gx — 9 and 2z — 8. 

5. What is the difference between 

3x — 4 and — a; + 6. 

6. What is the difference between 

— 5.-B + 7 and — 3x + 8. 
^ 7.- James is three years older than John ; and one-sixth 
of James' age is equal to one-fifth of John's. 

Let x denote James' age ; 
then x — 3 will denote John's ; 
and by the conditions of the question, 
x x — 3 
~6 = ~ 5~ ' 
hence, 5* = Gx — 18, or x = 18. 
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8. William has two cents more than J\. If John's 

cents be subtracted from twice William's, the remain- 
der will be ten : how many has each ? 

Let x denote the number of William's ; 
then x — 2 will denote John's ; 
and by the conditions of the equation, 



o 



-(z-2) = 10; 



that is, 2x — x + 2 =10 

" x + 2 = 10, or x = 10 — 2 = 8. 

9. A farmer has sheep in two lots. In one lot he has five 
more than in the other. But three times the larger flock is 
equal to four times the less : how many are there in each flock? 

10. Lucy is five years older than Jane ; but four times 
Lucy's age, diminished by five times Jane s, is equal to 
nothing : what is the age of each ? 

11. What is the difference between 

5a; + 3 and — 7x — 4. 

12. What is the difference between 

— 6* + 3 and 8a: + 9. 



LESSON XI. 

1. A grocer buys an equal number of lemons and oranges : 

.sr the lemons he paid two cents a piece, and for the oranges 

he paid three cents a piece, and for the whole he paid eighty 

cents : how many did he buy of each sort ? 

Let x denote the number of each kind : then 

2x = the cost of the lemons, 

and 3ar = the cost of the oranges, 

and by the conditions of the question, 

2x + 3s = 80 cents. 

SO 
Hence. 5x = 80 ; or x — — — 16. 
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2. A grocer buys a certain number of lemons at two cents 
a piece, and three times as many oranges at four cents a 
pfece, and pays for the whole eighty-four cents : how many 
does he buy of each sprt, 1 

3. What number is that which being added to five times 
itself, and nine subtracted from the sum, will leave a re- 
mainder equal to 21 1 

4. John has in his purse a certain number of cents, half 
as many dimes as cents, and half as many dollars as dimes ; — 
in .all twenty-eight pieces : how many has he of each sort? 

Let x denote the number of dollars ; 

then 2x will denote the number of duaes ; 

and 4a; the cents. 

Then, by the conditions of the question, 

28 

x + 2x + 4x = "7x = 28, or x = — = 4. 

5. In a fruit basket there are three times as many apples 
as pears, and five times as many peaches as apples : in all, 
ninety-five ; how many of each sort 1 

0. A farmer has sixty-nine head of cattle. The number 
of cows is double that of his calves, and the number of 
young cattle is six times as great as his calves ; besides, he 
has six oxen : how many calves, how many cows, and how 
many young cattle 1 

7. What number is that which being multiplied by seven, 
and five subtracted from the product, will give a result equal 
to four times the number increased by* thirteen 1 

8. A merchant has forty -four dollars in bank bills, in an 
equal number of ones, twos, threes and fives : how niany 
has he of each sort 1 
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9. A jockey has a horse and two saddles,- one worth 
thirty dollars and the other five. If he puts the best saddle 
on the horse, their value becomes double that of the horse 
diminished by twice the value of the other saddle: what if 
die value of the horse 1 



LESSON XII. 

1. "What number is that to which if five be added, an 
the sum multiplied by three, will give a result equal to 
ten times the number plus one ? 

Let x denote the number. 
Then by the conditions of the question 

3(x + 5) = 10.r + 1, 
hence, ox + 15 = 10* + 1 ; 

and by transposing 10^ and 15, 

3x — 10a = 1 - 15 
or — 7j = — 14, 

and changing the signs of both members, 

7x = 14 or x = — = 2. 

Remark. — When, after having brought all the a:'s to the 
first member, the final sign is minus, make it plus by chang- 
ing the signs of all the terms in both the members. 

'2. The difference of two numbers is three, and their sum 
five times the difference : what are the numbers 1 

3. James savs to John, " Give me your apples, and I shall 
then have three times as many as you have now." John 
savs 'No; for the number of your apples now exceeds 
mine by four :" how many had each ? 

Let x denote the number which John had. 

Then, c + 4 will denote what James had ; 
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and by the conditions of the question 

x + x + 4 = 3x ; whence by 
transposing, x = 4. 

4. James met some beggars, to each of whom he gave 6 
cents : had there been four more, and had he given the same 
to each, he would have given seventy-two cents : how many 
beggars were there 1 

5. John has twice as many turkeys as ducks ; twice as 
many ducks as geese, and eight times as many chickens ae 
geese ; in all, forty -five : how many has he. of each sort 1 

6. Three persons receive forty-eight dollars ; the second, 
four dollars more than the first, and the third, four more 
than the second : how much did each receive 1 

1. The sum of three numbers .is thirty-six ; the second 
exceeds the first by eight, and the third is less than the 
second by 16 : what are the numbers ? 

Let x denote the first number ; 

then, x + 8 will denote the second ; 
and since the third is less than the second by 16, 

x + 8 - 16 = x — 8 = the third. 
Then, by the conditions of the question 

x + x + 8+x — 8 = S6, 
or 3z = 36, or * = 12. 

Hence, the numbers are 12, 20. and 4. 

Remark.— When a number, as + 8 and — 8, is found 
twice in the same member of the equation and with different 
signs, it may be omitted : and the two numbers are then 
said' to cancel each other. If the same number is found in 
different members of the equation with the same sign, it 
may be omitted : and the two numbers are then said ' to 
lancel each )ther. 
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8. A father, son, and daughter, on comparing ages, find 
that the son's age is double the daughter's : that twice the 
son's age diminished by four, is equal to the father's age : 
and that the sum of their ages is e^ual to 73 : what is 
the age. of each ? 



LESSON XIII. 

1. The sum of two numbers is nine ; if to the first six be 
added, the sum will be double the second : what are the 
numbers 1 

Let x denote the first number, 
then, 9 — x will denote the second ; 
and by the conditions of the question 

x + 6 = 2 (9 - x) = 18 - 2a; ; 

12 

whence, oz = 12 ; or x = — = 4, the first, 

o 

and ~ — 9 — 4 = 5, the second number. 

2. John and James play at marbles : James, at the be- 
ginning, has twice as many as John, but John wins eight, 
and he then has twice as many as James has left : how 
many had each, at the beginning ? 

Let x denote John's marbles, 
then 2x will denote James' ; 
and x + 8 whatt James had after he won, 
and 2x — 8 denote what John had after he lost. 

Then, by the conditions of the question, 

x + 8 = 2 (2ar— 8) = 4x - 16, 
or 3a: = 24 : 

whence, x = 8, the number John had ; 

and 2x = 16, the number James had. 
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3. In an orchard containing sixty trees, there are twice as 
many pear trees as apple trees, and as many plum trees as 
pear trees and apple trees together : how many trees are 
there of each sort ? 

4. A and B set out, at the same time, from two places 
which are ninety miles apart, and travel towards each other ; 
A travels six miles an hour, and B three miles an hour : in 
how many hours will they meet 1 

Let x denote the number of hours : 
then Gx will denote the number of miles A travels, 
and 3x the number of miles B travels : 
By the conditions of the question 

6a; + 3a; = 90, 
whence 9a; = 90 or x = 10. 

5. Charles buys six yards of cloth at a certain price, and 
afterwards nine yards more at the same price, but the last 
time he paid twenty-seven shillings more than before : how 
much did he pay ,a yard 1 

6. A cask which holds eighty gallons is filled with a mix- 
ture of brandy, wine, and cider : there are ten gallons more 
of cider than of wine, and as much brandy as of cider and 
wine -together : how many gallons are there of each ? 

7. Four men build a boat together, which cost one hun- 
dred and twenty-one dollars : the second paid twice as much 
as the first, the third as much as the first and second together, 
and the fourth as much as the third and second together : 
what did each pay 1 

8. .B has six shillings more than A ; C has . six shillings 
more than B ; D has six shillings more than C ; D has also 
three times as many shillings as A : how many shillings has 
each? 
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9. At an election one hundred votes were given, and the 
successful candidate had a majority of twenty : how many 
votes had each candidate ? 

10. Two men together had twenty dollars; and they 
played till one lost five dollars, when the winner had four 
times as much as the loser: how much had each when 
they began 1 

11. Divide fifteen into two parts, such that one part shall 
be equal to twice the other. 

12. A fish was caught which weighed twenty pounds ; the 
head weighed four times as much as the tail, and the body 
weighed five times as much as the tail ? What did each 
part weigh ? 



LESSON XIV. 

1. John has a certain number of marbles: Charles has 
half as many, and James one-third as many*: together they 
have eleven : how many has each ? 

Let x = the number of John's marbles ; 
then, — = the number which Charles has, 

and — = the number -which James has. 

o 

Then, by the conditions of the question, 
x x 

*+2- + F = n - 

To clear the equation of fractions, multiply each member 

by the least common multiple of the denominators (see 

A.rt. 68), which in this case is 6, and we shall have 
o 
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6x + 3x + 2x = 66, 
hence, llz = 66 or x = — = 6. 

2. Wiiat is the sum of — , -5- and — ? 



SOLUTION 

2 + 3 + 4 - 12 + 12 + 12 ~ 12 ~ "' 

Hence, the sum is l*fcz. 

3. What number is that, which being added to half itself, 
to one-third of itself, and to one-fourth of itself, will give a 
sum equal to twenty-five ? 

4. What number added to its fifth part, will give a result 
equal to twice the number diminished by eight 1 ? 

5. What number is that to which, if three-fourths of it 
self be added, the sum will be twice the number diminished 
by two 1 

6. A farmer has twice as many oxen as horses ; and one- 
third the number of his horses, added to half the number 
of his oxen, is equal to four: how many oxen and horses 
had lie 1 

7. James has fifteen oranges, which are three-fourths as 
many, as John has, less three : how many has John 1 

8. The smaller of two numbers is five-eighths of the 
larger, and their, sum is sixty-five : what are the numbers ? 

" 9. The smaller of two numbers is three-fourths the 
larger, and their difference is equal to half the greater 
diminished by tw& : what are the numbers ? 

10. A. farmer sold a cow and calf: he received one-fifth 
as much for the calf as for the cow ; and the difference b» 
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tween the two sums was twenty- four dollars: what did he 
receive, for each? 

11. James is six years older than John; and the sum of 
their ages plus one-fourth of John's age, is equal to twenty- 
four : what is the age of each ? 

12. Nancy's age is three times Eliza's : one-half Nancy's 
plus one-third of Eliza's, is equal to the difference of their 
ages diminished by one : what is the age of each ? 

13. John is nine years older thau his sister. If one-sixth 
of his age be added to his sister's, the sum will be two-thirds 
of John's. What was the age of each ! 

14. The difference between two numbers is four; and 
one-third of the less plus one-fourth the greater is equal to 
half the greater : what are the numbers 1 

15. A pole is one-third in the mud, one-half in the water, 
and six feet out of water : what is the length of the pole ? ' 

16. The weight of a fish is thirty- two pounds : one-third 
the weight of his head is equal to the weight of his tail ; 
and the weight of his body is four times the weight of his 
tail : what is the weight of each part 1 

17. A person in play lost one-fourth of his money, when 
he found that he had one-half of what he began with and 
five shillings over: how much had he when he began to 
play ? 



LESSON XV. 

1. The sum of the ages of Jane and Catharine is eigh- 
teen : but one-half of Catharine's age is equal to one-fourth 
of Jane's age : what is the age of each 1 
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Let x denote Jane's age ; 
then 18 — x will denote Catharine's age j 
and by the conditions of the question 
18 — x _ x 
~~~2 _ 4 ' 
Multiplying each member of the equation by four, we 
have 

36 — 2x — x; whence 36 = 3a; 

36 
or 3x = 36, or x = — = 12. 

o 

2. If from one-fifth of a man's money, one-sixth be taken, 
he will have one dollar left : how much has he ? 

Let x denote the amount which he has : 
Then by the conditions of the question 
x x 
T" 6~ 
Multiplying both members of the equation by 30, the 
least common multiple of the denominators, and we have 

6x — bx = 30, whence, x = 30. 

3. John sells one-third of his eggs, and then one-half of 
what he first had, after which he has three left : how many 
had he at first? 

4. John gave one-third of his apples to Charles, and 
Charles gave one-fourth of what he received to William, 
and then had six left : how many apples had John ? 

5. If a certain number be diminished by three, and one- 
third of the remainder be subtracted from the number, the 
result will be equal to eleven : what is the number? 

6. The difference between five-sixths of a number and one- 
third of the same number is nine : what is the number ? 
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7. The difference between four-fifths of a number and one- 
third of a number is seven : what is the number ? 

8. If from five-eighths of a number we take one half the 
number, and then take one from the difference, the result will 
be equal to nothing : what is the number ? 

9. A market woman bought a certain number of eggs, 
one-third of which she sold : five of the eggs spoiled, and 
she then had just three-quarters of a dozen left : how many 
did she buy ? 

10. The difference between one-half of a number and one- 
<ifth of it is three : what is the numfcer 1 

11. What is the value of x, in the equation 

xxx * 

12. What is the value of x, in the equation 

* i * i 1 i 

T + T + li =x - 1 ' 

13. What is the value of x % in the equation 

x x 

___ +2=5 -*. 



LESSON XVI. 

1 . If a laborer can do a piece of work in five days, what 
part of it can he do in one day ? 

2. If James can do a piece of work in eight days, how 
much of it can he do in one day 1 How much in two days ] 
How much in three days ? How much in x days t 

3. James can do a piece of work in three days, and John, 
can do it in six days : in how many days can they both do 
it. workirg togother 1 
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Let 1 denote the work to be done ; 
and x = the time in which both can do it, together. 

Then, — = what James can do in one day, 

and — - = what James can do in x days : 

o 

also, — = what John can do in one day, 
6 

and — = what John can do in x days. 

6 

Then, ^- + — = 1, the work done ; 

and by clearing the equation of fractions, 

2x + x = 6, or Sx = 6 ; 

hence, x = — = 2. 
o 

Therefore, together, they can do the work in two days. 

4. If A can do a piece of work in four days, and B can 
do the same work in twelve days, how long will it take 
both of them to do the same work % 

Let x denote the time : then by the conditions -of the 
question, 

whence, x is found equal to 3. 

5. If Charles can do a piece of work in five days, and 
John ih twenty days : how long will it take both of them, 
working together, to do the same work 1 

6. A barrel can be emptied by one faucet in six hours, 
*nd by another in thirty hours : how long will it take both 
to empty it, running together? 
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7. A hogshead can be emptied by one faucet in seven 
hours, and by another in forty-two hours : how long will it 
take both to empty it, running together ? 

8. If A can do a piece of work in four days, B in five 
days, and C in six days ; in how many days will they per- 
form it, when working together ? 

Let 1 denote the work to be done ; 
and x denote the number of days. 

Then, — = what A can do in one day ; 
aad — = what he can do in x days ; 

— = what B can do in one day, 

x 
and — = what he can do in x days. 

Also, — = what C can do in one day, 

and — = what C can do in x days. 

Then, by the conditions of the question, 
xxx, 

T + ir + ir =1 ' 

the multiplying by 60, the least common multiple of the 
denominators, we have 

15a; + Ylx + 10* = 60 ; 

whence, tc = — = lf^ days. 

9. An orchard of pear and cherry trees has twenty trees 
of both sorts : if the number of pear trees be diminished 
by twice the number of cherry trees, the remainder will be 
equal to 5 : how many are there of each sort ? 
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10. James bought a pencil and a knife, for which he paid 
one dollar : what he paid for the pencil, diminished by twice 
what he paid for the knife, is equal to minus twenty : what 
did he pay for each 1 

11. Divide twenty-four into two such parts that the 
greater diminished by twice the less shall be equal to the 
loss : what are the parts ? 

12. James and John together have twenty oranges. Four 
times John's oranges taken from twice James', leaves a 
remainder equal to half the whole number of oranges : how 
many had each 1 

13. James buys a number of oranges. He gives three 
away, and then divides the remainder equally among eight 
boys. Now, the whole number of oranges diminished by 
the share of each boy, is equal to seventeen : how many' 
oranges did he buy ? 

14. The difference between a father's age and his son' 
age is 24 years. But if the father's ,age be diminished by 
twice the son's age, the remainder will be four : what is the 
age of the father 1 

15. A drover scld one-third of his cattle to one man, and 
one-third of the remainder to another, and then had sixteen 
left : how many had he at first 1 

16. A man goes to a tavern, where he spends three shil- 
lings : he then borrows as much as he has left, and finds 
that the amount in his purse is more than what he had at ft>%t 
by four shillings : how much had he at first 1 
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CHAPTER 1. 
Preliminary Definitions and Bemarks. 

1. Quantity is a general term t applied to every thing 
which can be increased or diminished, estimated or measured. 

2. Mathematics is the science of quantity. 

3. Algebra is that branch of- mathematics in which the 
quantities considered are represented by letters, and the 
operations to be performed upon them are indicated by 
signs. These letters and signs are called symbols. 

4. The sign +, is called plus ; and indicates the addition 
of two or more quantities. Thus, 9 + 5, is read, 9 plus 5, 
or 9 augmented by 5. 

If we represent the number nine, by the letter a, and 
the number 5 by the letter 5, we shall have a + b, which is 
read, a plus b ; and denotes that the number represented by 
a is to be added to the number represented by b. 

5. The sign — , is called minus; and indicates that one 

1. What is quantity ? 

2. What is Mathematics ? 

3. What is Algebra ? What are the letters and signs called f 

4. What does the sign phis indicate ? 

5. What does the sign minus indicate 8 

2* 
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quantity is to be subtracted from another. Thus, 9 — 5 is 
read, 9 minus 5, or 9 diminished by 5. 

In like manner, a - 6, is read, a minus b, or a diminished 

by 6. 

. 6. The sign x, is called the sign of multiplication; ar,d 
ffhen placed between two quantities, it denotes that they 
are to be multiplied together. The multiplication of two 
quantities is also frequently indicated by simply placing a 
point between them. Thus, 36 X 25, or 36.25, is read, 36 
multiplied by 25, or the product of 36 by 25. 

7. The multiplication of quantities, which are represented 
by letters, is indicated by simply writing the letters one after 
the other, without interposing any sigh. 

Thus aS signifies the same thing as a X b, or as a.b ; 
mi abc the same as a X b X c, or as a.b.c. Thus, if we 
suppose a = 36, and b — 25, we have 

ab = 36 X 25 = 900. 

Again, if we suppose a = 2, b = 3 and c = 4, we have 

abc = 2 X 3 X 4 = 24. 

It is most convenient to arrange the letters of # product 
in alphabetical order. 

8. In a product denoted by several letters, as abc, the 
single letters, a, b, and c, are called literal factors of the 
product. Thus, in the product ab, there are two literal fac- 
tors, a and b ; in the product abc, there are three, a, b, and c. 

6. What is the sign of multiplication ? What does the sign of multi- 
plication indicate ? In how many ways may multiplication be expressed? 
1. If letters only are used, how may their multiplication be expressed ? 
8. In the product of several letters, what Is each letter called ? How 
» wiany factors in ab? — In abc I — In abed? — In dbcdf? 
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0. There are three signs used to denote division. Thus, 
a -7- b denotes that a is to be divided by 6. 

a 

j- denotes that a is to be divided by b. 

a | b denotes that a is to be divided by b. 

10. The sign =, is called the sign of equality, and is 
read, is equal to. W hen placed between two quantities, it 
denotes that they are equal to each other. Thus, 9 — 5=4: 
that is, 9 minus 5 is equal to 4 : Also, a + b = e, denotes 
that the sum of the quantities a and b is equal to c. 

If we suppose a = 10, and b = 5, we have 

a + b = c, and 10 + 5 = c = 15. 

11. The sign >, is called the sign of inequality, and is 
used to express that one quantity is greater or less than 
another. 

Thus, a > b is read, a greater than b ; and c < d is 
read, c less than d; that is, the opening of the sign is 
turned towards the greater quantity. Thus, if a = 9, and 
6 = 4, we write, 9 > 4. 

12. If a quantity is added to itself several times, as 
a + a + a + o + a + a, we generally write it but once, and 
then place a number before it. to show how manj- times it 
is taken. Thus, 

a+a + <z + a + a = 5a. 

9. How many signs are used in division ! What are they ! 

10. What is the sign of equality ? When placed between two 
quantities, what does it indicate ? 

11. For what is the sign of inequality used! Which quantity is 
placed on the side of the opening f 

12. What is a co-efficient ? How many times is ab taken in the ex- 
pression ab ? In Sab i In iab ? In Sab I In 6ai ! If no co-efficient 
is written, what co-efficient is understood ? 
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The number 5 is called the co-efficient of a, and denotes 
that a is taken 5 times. 

If the co-efficient is 1, it is generally omitted. Thus, u. 
and 1 a are the same, each being equal to a, or to one a. 

13. If a quantity be multiplied continually by itself, as 
o X a X a X « X a, we generally express the product^ by 
writing the letter once, and placing a number to the right 
of, and a little above it : thus, 

The number 5 is called the exponent of a, and denotes 
the number of times which a enters into the product, as a 
factor. For example, if we have a 3 , and suppose a = 3, 
we write, 

a 3 =ax a Xa = & = 3x3x3 = 27. 
If a = 4, a 3 = 4 3 = 4 X 4 X 4 = 64, 

and for a = 5, a 3 = 5 3 = 5 X 5 X 5 = 125. 

If the exponent is 1, it is generally omitted. Thus, a 1 is 
the same as a, each expressing that o enters but once as a 
factor. 

14. The power of a quantity is the product which results 
from multiplying that quantity by itself a certain number 
of times. Thus, 

a 3 = 4 3 = 4 X 4 X 4 = 04, 
64 is the third power of 4, and the exponent 3 shows the 
degree of the power. 

15. The s sign tJ , is called the radical sign, and when 

13. What does the exponent of a letter denote? How many times 
is a factor in a 2 ? In a? \ In a* ! In a 6 ? 'If no exponent is -written, 
what exponent is' understood ? 

14. What is the power of a quantity! What is the third power 
of 2 ? Express the fourth power of a \ 

IB. Express the square root of a quantity! Also the cube root 
Also the 4th root 
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prefixed to a quantity, indicates that its root is t< e ex- 
tracted. Thus, 



ya or simply -y/a denotes the square root of a. 
^/a denotes the cube root of a. 
ya denotes the fourth root of a. 
The number placed over the radical sign, is called the in- 
dex of the root. Thus, 2 is the index of the square root, 3 
of the cube root, 4 of the fourth root, <Szc. 
If we suppose a = 64, we have 

VSi=8, -^64 = 4. 

16. Every quantity written in algebraic language, that 
is, with the aid of letters and signs, is called an algebraic 
quantity, or the alegebraic expression of a quantity. Thus, 
is the algebraic expression of three 

times the number a ; 
is the algebraic expression of five times 
the square of a; ' 
( is the algebraic expression of seven 
7o 3 6 2 \ times the product of the cube of a by 
' the square of 6 ; 

( is the algebraic expression of the differ- 
3a — 56 \ ence between three times a and five 
( times b ; 
is the algebraic expression of twice the 
square of a, diminished by three times 
the product of a by b, augmented by 
four times the square of b. 
1 Write three times the square of a multiplied by the 
cube of b. Ans. 3a 2 b 3 

16. What is an algebraic quantity ? Is 5o6 an v algebraic quantity! 
la 9o ? Is iy i Is. 3J — x ! Give other examples. 



3a 
5a 2 



2a 2 - 3ab + 4J 2 - 
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2. Write nine times the cube of a multiplied by b, dimin 
ished by the square of c multiplied by d. Ans. 9a 3 b — c 2 d 

3. If a - 2, b = 3, and c - 5, what will be the value of 
3a 2 multiplied by b 2 , diminished by a multiplied by b mul 
tiplied by c. We have 

3a 2 6 2 - abc = 3 X 2 2 X 3 2 - 2 X 3 X 5 = 78. 

4. If a — 4, b — 6, c = 7, d = 8, what is the value of 
9a 2 + be — ad? Ans. 154. 

5. If a = 7, b = 3, c = 7, d = 1, what is the value of 
6a<2 + 3fi 2 c — 4d 2 ? ^»s. 227 

6. If a = 5, 6 = 6, c ; = 6, d = 5, what is the value of 
Qabc — 8ad + Abc 1 Ans. 1564. 

7. Write ten times the square, of a into the cube of b into 
c square into the cube of d. 

17. When an algebraic quantity is not connected with 
any other, by the sign of addition or subtraction, it is called 
a monomial, or a quantity composed of a single term, or sim- 
ply, a term. Thus, 

3a, -5a 2 , 7a 3 b 2 , 
are monomials, or single terms. 

18. An algebraic expression composed of two or more 
parts, connected by the sign + or — , is called & polynomial, 
or quantity composed of two or more terms. For example, 

3a — 56 and 2a 2 — 3c6 + 46 2 
are polynomials. 

19. A polynomial composed of two terms, is called a 
binomial ; and one of three terms, is called a trinomial. 

17, What is a monomial ? Is Zab a monomial ? 

18i What is a polynomial ? Is 8a — 6 a iiolynomial ? 

19. What is a binomial ? What is a trinomial! 
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20. Each of the literal factors which compose a torm is 
called a dimension of the term : and the. degree of a term is 
the number of these factors or dimensions. Thus, 

j is a term of one dimension, or of the 
( first degree. 
_ , j is a term of two dimensions, or of the 
( second degree. 
_ ,, „ „ , I is of six dimensions, or of the sixth de- 
{ gree. 

21. A polynomial is said to be homogeneous, when all its 
terms are of the same degree. Thus, the polynomial 

Sa — 26 + c is of the first degree, and homogeneous. 
— 4ab + b 2 is of the second degree, and homogeneous. 
5a 2 c — 4e 3 -f- 2c 2 d is of the third degree, and homogeneous. 
8a 3 + 4ab + c is not homogeneous. 

22. A vinculum, or bar , or a parenthesis ( ), 

is used to express that all the terms of a polynomial are to 
be considered together. Thus; 

a + b + c xb, or (a + b + c) X b, 
denotes, that the trinomial a + 6 + <" , is to be multiplied by 4 ; 
also, o + b + c X c + d +/, or (a + b + c) X (c + d+f), 
denotes that the trinomial a + b + c, is to be multiplied by 
the trinomial c + d +f. 

When the parenthesis is used, the sign of multiplication 
• is usually omitted. Thus, 

(a + b + c) x b' is the same as (a, + b + c)b. 

20i What is the dimension of a term ? What is the degree of a 
term ? How many 'factors in Sabc ? Which are they ? What is its 
degree ! s 

21. Whep is a polynomial homogeneous f Is the polynomial 
Ba 3 4 -+■ Sa'b' homogeneous ! Is 2o*i — 4 s ! 

22. For what is tl)^ .yinculum or bar used ? Can you express the 
same with the parenthesis ? 
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23. If two or more terms of a polynomial contain the 
same letters, and the same letter in each have the same ex 
ponent, such are called similar terms. 

Thus, in the polynomial 

lab + Sab - 4a 3 6 2 + 5a 3 6 2 , 
the terms lab, and Sab, are similar : and so also are the 
terms — 4a 3 b 2 and 5a 3 J 2 , the letters and exponents in both 
being the same. But in the binomial 8a 2 b + lab 2 , the 
terms are not similar ; for, although they are composed of 
the same letters, yet the same letter in each is not affected 
with the same exponent. 

REDUCTION OF ALGEBRAIC EXPRESSIONS. 

24. The simplest form of a polynomial, is an equi\ alent 
expression containing the fewest terms to which it can be 
reduced. When a polynomial contains similar terms, it 
may be reduced to a simpler form. 

1. Thus, the expression Sab + 2ab, is evidently equal 
to 5ab. 

2. Reduce the polynomial Sac + 9ac -f 2ac to its sim- 
plest form. Ans. 14ac. 

3. Reduce the polynomial abc + 4a6c + 5abc to its sim- 
plest form. 

In adding similar terms together we abc 

take the sum of the co-efficients and 4abc 

annex the literal part. The first term, 5abc 

abc, has a co-efficient 1 understood,' IQabc 
(Art. 12). 

23i What are similar terms of a polynomial ?. Are Sa'b and 6a'6 a 
similar 1 Are 2<z 2 6 s and 2a 3 b'J 

24i What is the simplest form of a polynomial ? If the terms are 
positive and similur, may they be reduced to a simpler form ? In what 
way ? 
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25. Of the different terms which compose a polynomial, 
some are preceded by the sign +, and the others by the 
sign — . The former are called additive terms, the latter, 
subtractive terms. 

When the first term of a polynomial is not preceded by 
any sign, it is understood to be affected with the sign -f. 

1. John has 20 apples and gives 5 to William: how 
many has he left ? ' 

Now, let us represent the number of apples which John 
has by a, and the number given away by b : the number he 
has left will then be represented by a — 6. 

2. A merchant goes into trade with a certain sum of 
money, say a dollars ; at the end of a certain time he has 
gained b dollars : how much will he then have ? 

If instead of gaining, he had lost b dollars, how much 
would he have had ? Ans. a— b dollars. 

. Now, if the losses exceed the amount with which he 
began business, that is, if b were greater than a, we must 
prefix the minus sign to the remainder to show that the 
quantity to be subtracted was the greatest. 

Thus, if he commenced business with §2000, and lost 
$3000, the true difference would be — $1000 : that is, the 
subtractive quantity exceeds the additive by $1000. 

3. Let a merchant call the debts due him additive, and 
the debts he owes, subtractive. Now, if he has due him 
$600 from one man, $800 dollars from another, $300 from 
another, and owes. $500 to one, $200 to a second, and "$50 
to a third, how will the account stand ? Ans. $950 due him. 

25t What are the terms called which are preceded by the sign + I 
What are the terms called which are preceded by the sign — ? If no 
•ign is prefixed to a term, what sign is understood ? If some of the 
terms are additive and some subtractive, may they be reduced if simi- 
lar ? Give the rule for reducing thorn. Does the reduction affect the 
exponents, or only the co-efficients ? 

3 
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4. Reduce to its simplest form the expression 

3a 2 b + ba 2 b — Sa 2 b + 4a 2 b — 6a 2 b ~r a 2 b. 
Additive terms. Subtractive terms, 

+ 3a 2 6 - 3a 2 6 

+ 5a 2 6 — 6a 2 6 

+ 4a 2 6 — a 2 & 

Sum + 12a'b Sum — 10a 2 6. 

But, 12a 2 6 - 10a 2 i = 2a 2 6. 

Hence, for the reduction of the similar terms of a pol jno 
mial we have the following 

RULE. 

I. Add together the co-efficients of all the additive terms, 
and annex to their sum the literal part ; and form a single 
subtractive term in a similar manner. 

II. Then, subtract the less co-efficient from the greater, 
and to the remainder prefix the sign of the greater co- 
efficient, to which annex the literal part. 

Remark: — It should be observed that the reduction affects 
only co-efficients, and not the exponents.- 

EXAMPLES. 

1. Reduce to its simplest form the polynomial 
+ 2a 3 6c 2 - 4a 3 6c 2 + 6a 3 6c 2 — 8a 3 bc 2 + 11 a 3 bc 2 . 
Find the sum of the additive ard subtractive terms sepa- 
rately, and take their difference : thus, 

Additive terms. Subtractive terms. 

+ 2a 3 bc 2 _ 4a 3 bc 2 

+ 6a 3 6c 2 _ 8a 3 6c 2 

+ Ua 3 bc 2 Sum — 12a 3 4e 2 

Sum + 19a 3 6c 2 

Hence, we have, 19a 3 6c 2 — 12a 3 6c 2 — la?bc 2 . 
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2. Reduce, the polynomial 4a 2 6 — 8a 2 b — 9a 2 6 + lla 2 4 
to its simplest form. Ans. — 2a?b. 

3. Reduce the polynomial 7abc 2 — dbc 2 — labc 2 + 8abc 2 
+ Qabc 2 to its simplest form. Ans. ISabc 2 . 

4. Reduce the polynomial 9c J 3 — 8ac 2 + 15c6 3 + 8ca 
-+- 9ac 2 — 2-icb 3 to its simplest form. Ans. ac 2 + 8co. 

The reduction of similar terms is an operation peculiar to 
algebra. Such reductions are constantly made in Algebraic 
Addition, Subtraction, Multiplication, and Division. 



ADDITION. 

26. Addition in Algebra, is the process of finding the 
simplest equivalent expression for several algebraic quan 
fcities. Such equivalent expression is called their sum. 

1. What is the sum of 

3ax.-\- 2ab and + 2ax + ab. 

Sax + 2ab 

We reduce the terms as in Art. 25, — 2ax + ab 

and find for the sum ...... ax -\- Sab 

2. Let it be required to add together \ ■ 
the expressions : j 



The result is 3a + 55 + 2c 

an expression which cannot be reduced to a more simple 
form. 

26i What is addition in Algebra ? What is such simplest and equi- 
valent expression called ? 





4a 2 6 3 






2a z 6 3 






7o 2 6 3 




. 


13a 2 6 3 




2o 2 


-4a& 




3a 2 


— 3ab + 


ft 2 




2ab — 


56 2 


5a 2 


— 5ab — 


46 2 
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Again, add together the monomials J 

The result after reducing (Art. 25), is 

3. Let it be required to find the sum 
of the expressions 

Their sum, after reducing (Art. 25) is 

27. As a course of reasoning similar to the above would 
apply to all polynomials, we deduce for the addition of 
algebraic quantities the following general 

EULE. 

I. Write down the quantities to be added so that tlie similar 
terms shall fall in the same column, and give to each term its 
proper sign. 

II. Reduce the similar terms, and after these results, write, 
with their proper signs, the terms which cannot be reduced. 

EXAMPLES. 

1. What is the sum of Sax, bax, — 2ax, and 13aa:. ? 

Ans. \9ax. 

2. What is the sum of Aab + 8oc and 2ab — lac + d\ 

Ans. 6ab + ac + d. 

3. Add together the polynomials, 

3a 2 - 26 2 - 4ab, 5a 2 - 6 2 + 2ab, and 3ab - 3c 2 — 26 2 . 

The term 3a 2 being similar to 
5a 2 , we write 8a 2 for the result 
of the reduction of these two* 
terms, at the same time slightly 
crossing them, as in 'the first term. 



3(t 2 - 4^J - 26 2 
5fi 2 + 2£6- 6 2 

+ 3fr6 — 2& 2 - 3c 2 
8a* + ab — 56 2 — 3c« 



27. Give the rule for the addition of Algebraic quantities. 
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Passing then to the term — 4a6, which is similar to + 2a6 
and + 3a6, the three reduce to + ab, which is placed after 
8a 2 , and the terms crossed like the first term. Passing 
then to the " terms involving 6 2 , we find their sum to be 
— 56 2 , after which we write — 3c 2 . 

The marks are drawn across the terms, that none of thein 
may be overlooked and. omitted. 



(4) (5) 
a 6a 
a 5a 


(6), 

5a 

56 


(7) 
3a6 
5a6 
8al> 


(8) 

Sac 
Sac 


2a 11a 

( 9 ) " 
7a6c + 9aa; 
— 3a5c — 3ax 


5a + 56 

(10) 
Sax + 36 
5aa: — 96 


] lac 

12a— 6c. 
- 3a — 9c 



4a6c + 6aa; 13aa; — 66 9a — 15c 

Note. — If a = 5, 6 = 4, c = 2, x = 1, what are the 
numerical values of the several sums above found ? 



(12) 


( 


13 


) 


(14) 


9a + / 


6aa: 


— 


Sac 


3a/ + 9 + m 


-6a +,7 


— 7a* 


-- 


Que 


ag — 3a/ — m 


-2a-/ 


ax 


+ 17ac 


ab — ag + 3g 


a + 9 










a6 + 4g 


(15) 








(16) 


lx + 3a6 + 


3c 




8x 2 + 


9acrE + 13a 2 6 2 c 2 


— 3.« — 3a6 — 


5c 




— 7s 2 - 


13aca: + 14a 2 6 2 c 2 


5x — 9a5 — 


9c 




— 4a; 2 + 


Aacx^— 20a 2 6 2 c 2 



9 a; — 9a6 — lie — 3a; 2 + + 7a 2 6 2 c 2 

(17) (18) 

22A. -3c — lf+3g 19ah 2 + 3a 3 6* - 8az* 

3h+&c — 2f—Qg+hx — 1 7aA 2 — 9a 3 6* + 9as 3 

19A + 5c — 9/— 6g + 5x 2a/t 2 - 6a 3 6* + ax 1 
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"t (19) (20) 

7z — 9y + 5z + 3—g 8a + 6 

- x — 3y — 8 — g 2a— i+c 

- »-r y — 32 + 1+7(7 -- 3a + h + ^ 

- 2a; + Qy + 3s — 1 — g —65 — 30 + 30" 

g + 8y — 5z + 9 — g — 5a + 7c — 8d 

4x + 3y + +4 + 5^ 2a — 56 + 5c — So* 

21. Add together — 6 + 3c - a" — 115e + 6/— 5g, 36 

- 2c - 3d — e + 27/, 5c - 8a" + 3/ — 7$r, - 76 — 6c 
+ 17d + 9e — 5f+llg,—3b—5d — 2e+Qf—9g + h. 

Ans. — 86 — 109e + 37/— lOg + h. 

22. Add together the polynomials, 7a 2 5 — 3a6c — 86 2 c 

- 9c 3 + cd\ 8abc — 5a 2 6 + 3c 3 — 46 2 c + cd 2 and 4a 2 6 

- 8c 3 + 96 2 c — 3d 3 . 

Ans. 6a 2 6 + 5a6c — 36 2 c — 14c 3 + 2ca" 2 — S^ 3 . 

23. What is the sum of, 5a 2 6c + 66a: — 4a/, — 3a 2 6c 

- 66a: + 14a/, — a f+9bx + 2a 2 6c, + 6c/ — 86a; + 6a 2 6c. 

Ans. 10a 2 6c + bx + 15a/. 

24. What is the sum of, aV + 3a 3 wi +6, — 6a 2 ra 2 
.— 6a 3 m — 6, + 96 — 9a 3 »i — 5a 2 re 2 . 

Ans. — 10a 2 re 2 — 12a 3 »i + 96. 

25. What is the sum of, 4a 3 6 2 c — 16a*a; — 9ax 3 d, 
+ 6a 3 6 2 c - 6aa: 3 d + 17a**, + 16aa; 3 a" - ~a*x - 9a 3 6 2 c. 

Ans. a 3 b 2 c + ax 3 d. 

26. What is the sum of, — 7g + 36 + 4g — 26, + 3g 

- 35 + 26. Ans. 0. 

27. What is the sum of, a6 + 3a^ — m — n, — Gxy 

- 3m + lire + cd, t + 3xy + 4w — lOre +fg. 

Ans. ab + cd+fg. 

28. What is the sum of, Axy + n + 6a:r + 9am, — (Sxy 
-f. c» — 6aa: — 8am, 2xy — 7n + ax — am. Ans. + ax. 
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29. Add the polynomials 19a 2 a; 3 6 — 12a 3 cb, 5a V6 
■f 14a 3 c5 — lOax, — 2aV6 — 12a 3 c6, and - L8aV6 

— 12a 3 c6 + 9ax. Ans. 4a 2 a: 3 6_— 22a 3 c6 — ax. 

30. Add together 3a + b + c, 5a + 26 + Sac, a + e 
■+■ ac, and — 3a — 9ac — 86. Ans. 6a — 56 + 2c — 5ac. 

31. Add together 5a 2 6 + Qcx + 96c 2 , lex — 8a 2 6, and 
- 15ca; — 96c 2 + 2a 2 6. Ans. — a*b — 2cx. 

32. Add together 8ax + 5a6 + 3a 2 6 2 c 2 , — 18a* + 6a 2 
•f 10a6, and lOaz — 15a6 — 6a 2 6 2 c 2 . 

Ans. — 3a 2 6 2 c 2 + Ca 2 . 

33. Add together 3a 2 + 5a 2 6 2 c 2 — 9a 3 a;, 7a 2 — 8a 2 6 2 c J 

- 10a\ and 10a6 + 16a 2 6 2 c 2 + 19a 3 :r, 

Ans. 10a 2 + 13a 2 6 2 c 2 + 10a6. 



SUBTRACTION. 

28. Subtraction, in Algebra, is the process of finding the 
simplest expression for the difference between two alge- 
braic quantities. 

Thus, the difference between 6a and 3a is expressed by 
6a — ~3a = 3a ; 
and the difference between 7a 3 5 and 3a 3 6 by 
7a 3 6 - 3a 3 6 = 4a 3 6. 

In like manner, the difference between 4a and 36, is 
expressed by 4a — 36. Hence, 

If the quantities are positive and similar, subtract the co- 
efficients, and to their difference annex the literal part. If 
they are not similar, place the minus sign before the quantity 
to be subtracted. 

28. What ia subtraction in Algebra! How do you find this differ- 
ence when the quantities are positive and similar ? When they are not 
similar, how do you express the difference ? 
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(1) (2) (3) 

Prom 3oi 6ax Qabc 

take _2a6 te ^ 

Rem. .^6 3o« 2^£- 

(4) (5) (M 

Prom 16a*We 17a 3 & 3 o B^' 6 "* 

take 9aWe JtaWe J^*j"l 

Rem. IvWc 14a 3 6 3 c 17a 2 6 2 s. 

(7) (8) (9) 

From 3aa; 4a6z 2am 

take 8c 9oc ax_ 

Rem. Sax— 1c 4a6a; — 9ac 2aw — as. 

29. Let it be required to subtract from 4o 

the binomial 26 — 3c 

The difference may be put under the form Aa — (26 — 3c) 
We must now remark that it is the difference between. 24 
and 3c which is to be taken from 4a. 

If then, we write 4a — 26, 

we shall have taken away too much by the units in 3c; 
hence, 3c must be added, to give the true remainder, which 
is 4a — 26 + 3c. 

To illustrate this example by figures, suppose <r= 5, 
6 = 5, and c = 3. 

We shall then have 4a ~ 20 

and 25 — 3c = 10 — 9 = 1 

which may be written 4a — (26 — 3c) = 20 — 1 =- 19. 

'29i If 26 — 3c is to be taken froin 4a, what is proposed to Uc done ! 
If you subtract 26 from 4a, have you taken too much ! How then 
must you supply the .deficiency i 
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Here it is required to subtract 1 from 20. If, then, we 
subtract 26 = 10, from 4a = 20, it is plain that we shall 
have taken too much by 3c = 9, which must therefore be' 
added to give the true remainder. 

30. Hence, for the subtraction of algebraic quantities, we 
have the following general 

RULE. 

I. Write the quantity to'be subtracted under that from which 
it is to be taken, placing the similar terms, if there are any, in 
lite same column. 

II. Change the signs of all the terms of the subtrahend, or 
conceive them to be changed, and then reduce the polynomial 
result to its simplest form. 

examples'. 

(1) fJJ (1) 

From Qac — 5o6 + c 2 g"3 « Qac — 5ab + c 2 

Take 3ac + 8a6 + 7c 8|J - 3ae — 3a6 — 7c 

Rem. Sac — 8ab + c 2 — 7c. S « S-d 

■*> 5 ft 

(2) 
From Gax — a + 36 2 
Take 9ax — x + b 2 



Rem. — 3ax — a + x+ 26 z . 



Sac 


— 8ab'+ c 2 - 


-7c. 


6yx — 

y» — 


3a; 2 + 56 
3 + o 




5y« — 


3s 2 + 3 +56 ■ 


— a. 



(4) (5) 

From 5a 3 — 4a 2 6+ 36 2 c 4a6— caT+3a 2 

Take — 2a 3 + 3a 2 6— 86 2 c 5a5 - 4ca T + 3a 2 + 56 2 . 

Rem. 7a 3 — 7a 2 6+H6 2 c. — ab + 3cd — 5b 2 . 



SO. Give the rule for the subtraction of Algebraic quantities. 
3 
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6. From 6am + y take 3am — x. Ans. 3am + x + y. 

7. From -Sax take 3ax - y. Ans - + V' 

8. From 7a 2 6 2 — x 2 take 18a z 6 2 + x 2 . 

Ans. -lla 2 b 2 -2x 2 . 

9. From -If + '3m - Sx take -G/-5m — 2x + 
3d + 8. j re4 .. _/+ 8m-6ir — 3d — 8. 

10. From — a — 56 + 7c — d take 46 — c + 2a" + 2k. 

Ans. — a - 96 + 8c - 3d — 2k. 

11. From . . — 3a+ 6 — 8c+ 7e — 5/+ 3h — Ix — 13y 
take A + 2a — 9c + 8e — 7x + 7/ — y — 31 — k. 

Ans. -5a+5 + c-e- 12/+ 3h - 12y + 31. 

12. From a + b take a — b. Ans. 26. 

13. From 2x — 4a — 26 + 5 take 8 — 55 + a + 6a;. 

Ans. — Ax — 5a + 36 — 3. 

14. From 3a + 6 + e-^-d — lO take c + 2a — d. 

Ans. a + 6 — 10. 

15. From 3a + 6 + c — d— 10 take 6 — 19 + 3a. 

Ans. e — d + 9. 

16. From 2a6 + 6 2 — 4c + 6c — 6 take 3a 2 — c + 6 2 . 

Ans. 2ab — 3a 2 — 3c + 6c — 6. 

17. From a 3 '+ 3b 2 c + ab 2 — a6c take 6 3 + a6 2 — a6c. 

Ans. a 3 + 3b 2 c — b 3 . 

18. From 12a: + 6a — 46 + 40 take 46 — 3a + 4x + 6d 
— 10. Ans. 8x + 9a — 86 — 6a" + 50. 

19. From 2x — 3a + 45 + 6c — 50 take 9a + x + 66 — 
6c — 40. Ans. a; — 12a — 25 + 12c — 10. 

20. From 6a — 45 — 12c + 12a; take 2a; — 8a + 45 — 6c. 

Ans. 14a — 86 — 6c + 10a;. 

21. From 8a6c — 125 3 a + 6ca; — 7xy take 7ca: — xy — 
\3b 3 a. Ans. 8abc + 6'a — ex — Gxy. 
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31. Polynomials may be subjected to certain transforma- 
tions, by the rule for subtraction. 

First example, . . Go. 2 — 3ab + 2b 2 — 26c, 

becomes 6a 2 — (Sab — 2& 2 + 25c). 

Second 7a 3 - 8a 2 5 - 4S 2 c + 6b 2 , 

becomes 7a 3 — (8a B 6 + 46 2 c — 65 2 ), 

or, again, 7a 3 - 8a 2 b -(4fi 2 c - 66 2 ). 

Third 8a 3 - 7fi 2 + c - d, 

becomes 8ct 3 — (7fi 2 — c + d). 

Fourth 9b 3 — a + Sa 2 — d, 

becomes 9fi 3 — (a — Sa 2 + d). 

32. Kbmabk. — From what has been shown in addition 
and subtraction, we deduce the following principles. 

1st. In algebra, the term add does not always, as in arith- 
metic, convey the idea of augmentation ; nor the term sum, 
the idea of a number numerically greater than any of the 
numbers added. For, if to a we add — 6, we have a — b, 
which is, properly speaking, a difference between the num- 
ber of units expressed by o, and the number of units ex- 
pressed by b. Consequently, this result is numerically lesa 
than a. To distinguish this sum from an arithmetical sum, 
it is called the algebraic sum. 

Thus, the polynomial 2a 2 — Sa 2 b -f 36 2 c is an algebraic 

Sl> How may you change the form of a polynomial ! 
32# In algebra do the words add and mm convey the same ideas as 
in arithmetic ! What is the algebraic sum of 9 and — 4 ? Of 8 and 

— 2 ? May an algebraic sum ever be negative ! What is the sum of 4 
and — 8 ? Does the word subtraction, in algebra, always convey the 
idea of diminution ? What is the algebraic difference between 8 and 

— 4 ! Between a and — 6 ! 
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sum of the monomials 2a 2 , - 3a 2 6, + 36 2 c, with theii 
respective signs ; but, in its numerical acceptation, it is the 
arithmetical difference between the sum of the units con- 
tained in the additive terms, and the sum of the units con- 
tained in the subtractive terms. 

It follows from this, that an algebraic sum may, in the 
numerical applications, be reduced to a negative number, or 
a number affected with the sign — . 

2d. The word subtraction, in Algebra, does not always 

convey the idea of diminution ; nor the term difference, the 

idea of a number numerically less than the minuend : for, 

the numerical difference between + a and — b being a + b, 

exceeds a. This result is an algebraic difference, and can be 

put under the form of 

a-(-b) =a + b. 



MULTIPLICATION. 

33. If a man earns a dollars in one day, how much will 
he earn in 6 days? Here it is simply required to take the 
number a, 6 times, which gives 6a for the amount earned. 

1. What will ten yards of cloth eost, at c dollars per yard ? 

Ans. 10c dollars. 

2. What will d hats cost, at 9 dollars per hat ? 

Ans. 9d dollars. 

3. What will b cravats cost, at 40 cents each? 

Ans. 40b cents. 
■I. What will b pair of gloves cost, at a cents a pair ? 



33. If a man earns a dollars in 1 day. how much will lie earn in 4 
Jays! In 5 days* lu 8 days? In 12 days ( If lie earns c dollars a 
day , how much will he earn in d days ! What is multiplication ? 
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Here it is plain that the cost will be found by repeatiLg 6 
as many times as there are units in a : Hence, the cost is 
ab cents. Hence, we infer that, 

Multiplication, in Algebra, is the process of taking one 
quantity, called the multiplicand, as many times as there are 
units in another, called the multiplier. 

34. If a man's income is 3a dollars a. week, how much 
will it be in 46 weeks 1 Here we must repeat 3o dollars as 
many times as there are units in 46 weeks ; hence, the pro- 
duct is equal to 

3a X 46 = 12a6. 

If we suppose a = 4 and 6 = 3 the product will be equal 
to 144. 

Remark. — It is plain that the product 12ab will not be 
altered <by changing the arrangement of the factors ; that 
is, 12a6 is the same as ab x 12, or as ba x 12, or as 
o x 12 X 6 (See Arithmetic, § 26). 

35. Let us now multiply 3a 2 6 2 by 2a 2 6, which may te 
placed under the form , 

3a 2 6 2 X 2a 2 6 = 3 X 2aaaabbb ; 
in which a is a factor four times, and 6 a factor three times : 
hence (Art. 13). 

3a 2 6 2 X 2a 2 6 = 3x 2aaaabbb = 6a 4 6 3 , 

in which, we multiply the co-efficients together, and add the 
exponents of the like letters. 

34. Will a product be altered by changing the arrangement of the 
meters? Is Sab the same as 36a? Is it the same as a x 36! As 
4 X 3a? 

35i In multiplying monomials, what operation do you perform on the 
to-efficiouts ? What do you do with the exponents of the common 
letters 1 Wl at is the rule for the multiplication of monomials ? 
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Hence, for the multiplication of monomials, we have the 
following 



KULE. 



I. Multiply the co-efficients together for a new co-efficient. 

II. Write after this coefficient all the letters which enter 
into the multiplicand and multiplier, affecting each with an 
exponent equal to the sum of its exponents in both factors. 



EXAMPLES. 



1. 


8a 2 bc 2 x 7abd 2 = 56a 3 b 2 c 2 d 2 . 


2. 


21a 3 b 2 cd x Sabc 3 = 168a 4 Z>W. 


3. 


4abc X 7df = 28abcdf. 


Multiply 
by 


(4) (5) (6) 

3a 2 6 12a 2 a; Qxyz 
2a 2 b 12x 2 y ay 2 z 





6a 4 6 2 


i 


(?) 


(8) 


a 2 xy 




3ab 2 c 3 


2xy 2 




9a 2 b 3 c 


2a 2 x 2 y 3 




27a 3 b 5 c* 



l<Ha 2 x 3 y 6axy 3 z 2 



10. Multiply ba 3 b 2 x 2 by 6c 5 a; 6 . 

11. Multiply 10a*6 5 c 8 by lacd. 

12. Multiply 9a 3 bxy by 9a 3 bxy. 

13. Multiply 36a86W by 20ab 2 c 3 d*. 

14. Multiply 27axyz by 9a 2 b 2 c 2 d 2 xyz. 

Ans. 

15. Multiply 13a 3 6 2 c by 8abxy. 



(9) 

87ax 2 y 

ZW&y 3 - 
261ab 3 x e y\ 

Ans. 30a 3 4 2 c 5 a:. 8 
Ans. 70a s b s c 9 d. 
Ans. 81a e b 2 x 2 y 2 . 
Am. 720a s b 9 c 9 d 9 

243a 3 b 2 c 2 d 2 x 3 y 2 s 2 . 
Ans. 104aWexy. 
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16. Multiply MaWcd by 12a 2 a 2 y. Ans. 240a 7 6 5 C(2a: 2 y. 

17. Multiply Ua'bWy by 20a 3 c a a a y. 

Ans. 280a 7 6 e c 2 d%V- 

18. Multiply 8a 3 6y by 7a 4 fay 6 .' J.»s. 56a 7 6 4 a;y 9 . 

19. Multiply 75axyz by 5a 6 &ccfo 2 y 2 . .4ns. 375a 6 6crfa; 3 2/ 3 s. 

20. Multiply 51aV» 2 by 9a 2 6c 2 a: 5 y. ,4ms. 459a 4 6cVy 3 . 

21. Multiply 2a 3 &V by 18a&z. Ans. 36a*6 3 *y 2 . 

22. Multiply 64a 3 m 6 sV by 8a6 2 c 3 . 

Ans. 512a*b 2 c 3 mfix*yg. 

23. Multiply 9a 2 6W 3 by 12a 3 6*c 6 . . Ans. 108a 6 6W 3 . 

24. Multiply 2l6ai 7 c 3 d 8 *by 3a 3 6 2 c 5 . Ans. 648a*6« 8 . 

25. Multiply 70a 8 6W 2 /a; by UaWc^x^y 3 . 

Ans. %4&a u b w c'd 3 fx 3 y 3 . 

36. We will now consider the most general case of two 
polynomials. 

Let a -represent the sum of all the additive terms of the 
multiplicand, and — b the sum of the subtractive terms. 
Let c denote the sum of the additive terms of the multi- 
plier, and — d the sum of the subtractive terms. The mul- 
tiplicand may then be represented by a — b, and the mul- 
tiplier by c — d : It is required to take a — b as many times 
as .nere are units in c — d. 

Let us first take o — b as many 
times as there a*e units in c. 

We begin by writing ac, which is 
too great, by b taken c times ; for, 
it is only the difference between a 
and 6 which is to be taken c times. 
Hence, ac — be is the product of 
o — b by c. 

But it was proposed to take a — b only as many times as 
there rire units in the difference between c and d : hence, the 



a 


-b 




c 


-d 




ac 


-be 






— ad + bd 


ac 


-be ■ 


— ad-\-bd. 
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last product ac - be is too large fay a — b taken d times. 
But a - b taken d times, is ad - bd. Subtracting this pro- 
duct from ac — cb (Art. 30), and we have 

(a - b) X (c r- d) = ac - be - ad + bd. 

37. Hence, we have the following rule for the signs, 

When two terms of the multiplicand and multiplier are 
affected with Wee signs, the corresponding product is affected 
with the sign + ; and when they are affected with contrary 
signs, the product is affected with the sign — . 

Therefore, we say in algebraic language, that -F multi- 
plied by +, or — multiplied by — , gives + ; — multiplied 
by +, or + multiplied by — , gives — . 

Hence, for the multiplication of polynomials we have the 
following - 

RULE. 

Multiply all the terms of the multiplicand by each term of 
the multiplier, observing that in each multiplication like signs 
give plus in the product, and unlike signs minus. " Then reduce 
the polynomial result to its simplest form. 

EXAMPLES IN WHICH ALL THE TERMS ARE PLUS. 



1. Multiply .... 


3a 2 + Aab + b 2 


ty 


2a + 56 




6a 3 + 8a 2 6 + 2a6 2 


The product, after reducing, 


+ 15a 2 6 + 20a6 2 + 5b 3 


becomes .... 


6a 3 + 23a 2 6 + 22a6 2 + 5b 3 . 



Zl, What does + multiplied by + give? + multiplied by — 
- multiplied by + ? — multiplied by — ? Give the rule for th» 
multiplication of polynomials. 
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3u Multiply x 2 + 2oz + a 2 by x + a. 

Ans. x 3 + 3ax* + 3a 2 x + a 3 

3. Multiply x 3 + y 3 by x + y. Ans. a 4 + xy 3 + x 3 y +y* 

4. Multiply 3ab 2 + 6a 2 c 2 by 3a6 2 -f 3a 2 c 2 . 

Ans. 9a 2 6 4 + 27a 3 J 2 c 2 + \%a l c* 

5. Mu-ltiply a 2 4 2 + c 2 d by a + 6. 

^Ires. a 3 6 2 + ac 2 d + a 2 fi 3 +&c 2 <i 

6. Multiply 3aa; 2 + 9ab 3 + cd 5 by 6a 2 c 2 . 

^re«. 18a 3 c 2 a; 2 + 54a 3 c 2 6 3 +6aVrf J 

7. Multiply 64a 3 z 3 + 27a 2 a; + 9ab by 8a 3 c«\ 

^4«s. 512a 6 cda: 2 + 2lGa i cdx + 72a 4 6cd 

8. Multiply a 2 + 2az + x 2 by a + a;. 

Ans. a 3 + 3<A + 3aa: 2 +. x ! . 

9. Multiply a 3 + 3a 2 z + 3<za; 2 + x 3 by a + x. 

Ans. a 4 + 4a 3 3 + 6aV + iax 3 + x* 

10. Multiply x 2 + y 2 by x + y. 

Ans. x 3 + ay 2 + x 2 y + y 3 

11. Multiply x s + ay fi + 7aa; by ax + 5aa;.' 

^4ns. 6ax e + 6<?a;y + 42a 2 a; !! 

12. Multiply a 3 + 3a 2 6 + 3a& 2 + b 3 by a + *• 

^Ins. a 4 + 4a 3 -J + 6a 2 J 2 + 4aS 3 + b* 

13. Multiply x 3 + * 2 y + «y 2 + y 3 by a; + y. 

Ans. x* + 2a; 3 y + 2* 2 y 2 + 2a;y 3 + y* 
i 14. Multiply x 3 + 2a; 2 + x + 3 by 3x + 1. 

-4res. 3s 4 + 7a; 3 + 5a; 2 + 10a f 3 

GENERAL EXAMPLES. 

1. Multiply 2aa; — 3ab 

by 3a; — 6. 

The product 6aa; 2 — 9abx 

becomes after — 2a5a; -+- tab 2 

reducing 6ax 2 — llabx ■+ Sub 2 

3* 
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2. Miltiply a 4 — 26 3 by a — b. 

Ans. a* - 2ab 3 - a*b + 2b* 

3. Multiply x 2 — 3x — 7 by x — 2. 

Ans. x 3 — 5x 2 — x + 14. 

4. Multiply 3a 2 — 5ab -r 2b'* by a" - 1&b. 

Ans. 3a 4 -26a 3 b + 37o*6* -. 14a6 3 . 

5 Multiply b 2 + 6* + & 6 by & 2 - L ^ ms - ft8 _ J2> 

6. Multiply x* - 2x 3 y + 4x 2 y 2 - 8xy 3 + 16y 4 by x+ 2y. 

Ans. x b + 32y 5 . 

7. Multiply 4a; 2 — 2y by 2y. -4»m. 8a: 2 y — 4y 2 . 
-8. Multiply 2a; + 4y by 2a; — 4y. ^ras. 4a; 2 — 16y 2 . 

9. Multiply a 3 + x 2 y + a:y 2 + y 3 by x — y. 

Ans. a: 4 — y*. 

10. Multiply x 2 + xy + y 2 by x 2 — xy + y 2 . 

.4ms. a? 1 + afy 2 + y 4 . 

11. Multiply 2a 2 — 3aa; + 4a; 2 by 5a 2 — 6ax — 2a; 2 . 

Ans. 10a 4 — 27a 3 .r + 34a 2 a; 2 — 18aa; 3 — 8a*. 

12. Multiply 3a; 2 - 2a:y + 5 by x 2 + 2xy — 3. 

Ans. 3a? + 4z 3 y — 4a; 2 — 4a; 2 y 2 "+ 16a:y — 15. 

13. Multiply 3a; 3 + 2a; 2 y 2 + 3y 2 by 2a; 3 — 3aV + 5 V 3 - 

( 6a: 6 — 5a; 5 y 2 — 6a: 4 y 4 + 6a; 3 y 2 + 
( 15a; 3 y 3 - 9a; 2 y 4 + 10* 2 y 5 + lSy 5 . 

14. Mu'^iply 8aa: — Qab — c by 2aa: + ab + c. 

Ans. 16a 2 ai 2 — 4a 2 te — 6a 2 6 2 + 6acx — labc — c 2 . 

15. Multiply 3a 2 — 56 2 + 3c 2 by a 2 — b 2 . 

Ans. 3a* — ,8a 2 4 2 + 3a 2 c 2 + 56 4 — 36 2 c 2 . 

16. 3a 2 — 5bd + cf 
-5a 2 + 4bd-8cf. 



Pro.red. - 15a 4 + 37a 2 M-29a 2 c/-20& 2 d 2 +44&cay-8f 2 / 2 . 
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38.' We will finish the subject of algebraic multiplication, 
by making known a few results of frequent use in Algebra. 

Let it be required to form the square, or second power, 
of the binomial (a + 6). We have, from known principles, 

(a + by = (a-+ 6) (a + b) = a 2 + 2a6 + b\ That is, 

The square of the mm of two quantities is equal to the square 
of the first, plus twice the product of the first by the second, 
plus the square of the second. 

1. Form the square of 2a J- 36. We have from the rule 

(2a + 36) 2 = 4a 2 + 12a6 + 96 2 . 

2. {pab + 3ac) 2 = 25a 2 6 2 + 30a 2 6c + 9a 2 c 2 . 

3. (5a 2 + 8a 2 6.) 2 = 25a 4 + 80a 4 6 + 64a 4 6 2 . 

4. (Qax + 9a 2 z 2 ) 2 = 36a 2 a; 2 + 108a?x 3 + 81a*x*. 

39. To form the square of a difference, a — b, we have 

(a — b) 2 = (a — b) (a — b) = a 2 - 2a6 + 6 2 : That is, 

The square of the difference between two quantities is equal to 
the square of the first, minus twice the product of the first by 
the second, plus the square of the second. 

1. Form the square of 2a — b. We have 

(2a-6) 2 = 4a 2 — 4a6 + 6 2 . 

2. Form the square of 4ac — be. We have 

(4ac — 6c) 2 = 16a 2 c 2 — 8a6c 2 + 6 2 c 2 . 

3. Form the square of 7a 2 6 2 — 12a6 3 . We have 
(7a 2 6 2 — 12a6 3 ) 2 = 49a 4 6 4 - 168a 3 6 5 + 144a 2 6 6 . 

38. What is the square of the sum of two quantities equal to ! 

39. What is the square of the difference of two quantities equal to I 
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40. Let it be required to multiply a + 6 by a - b. 
We have 

(a + 6) x (a - 6) = a 2 - 6 2 . Hence, 
The sum of two quantities, multiplied by their difference, is 
equal to the difference of their squares. 

1. Multiply 2c + b by 2c - b. We have 

' (2c + b) x (2c - 6) = 4c 2 - b\ 

2. Multiply 9ac + 36c by 9ac — 36c. We have 

(9ac + 36c) (9ac - 36c) - 81a 2 c 2 - 95 2 c 2 . 

3. Multiply 8a 3 + 7a6 2 by 8a 3 — 7a6 2 . We have ' 

(8a 3 + 7a& 2 ) (8a 3 — 7a6 2 ) = 64a 6 — 4Da 2 6*. 

FACTORING POLYNOMIALS. 

41. It is sometimes convenient to find the factors of a 
polynomial, or to resolve a polynomial into its factors. 
Thus, if we have the polynomial 

ac + a6 + ad, 

we see that a is a common factor to each of the terms : 
hence, it may be placed under the form 

a(c + b +d). 

1. Find the factors of the polynomial a 2 6 2 + a?d + o?f. 

Ans. a%b 2 + d +/). 

2. Find the factors of 3a 2 6 + 6a 2 6 2 + 6 2 a\ 

Ans. 6(3a 2 + 6a 2 6 + bd). 



40. What is the sum of two quantities multiplied by their difference 
equal to? 
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3. Find the factors of ZcPb + 9a 2 c + IScPxy. 

Ans. Sa\b + 3c + 6xy). 

4. Find the factors of 8a 2 cx — 18acx 2 .+ 2ac 5 y — 30a 6 c 9 x. 

Ans. lac {Aax — 9a; 2 + c*y — 15a 5 c 8 a;). 

5. Find the foctors of a 2 + 2ab + b 2 . 

Ans. (a + b) X (a + 6). 

6. Find the factors of "a 2 — b 2 . Ans. (a + b) X (a — b). 

7. Find the factors of a 2 — 2ab + b 2 . 

Ans. (a— b) x (a — b) 



DIVISION. 

42. Division, in Algebra, is the process of finding, from 
two algebraic expressions, a third, which being multiplied by 
the second, will give a product equal to the first. The first 
is called the dividend, the second the divisor, and the third, 
the quotient. 

1. The division of 72a 5 by 8a 3 is indicated' thus : 
72a 5 
8a 3 ' 

It is here required tQ.find a third monomial, which, mul- 
tiplied by the second, will produce the first. It is plain that 
the third monomial is 9a 2 : Hence 

72a 5 

-— - = 9a 2 ; for, 8a 3 X 9a 2 = 72"a s . 
8a 3 

The quotient 9a 2 , is obtained by dividing the co-efficient 
of the dividend by the co-efficient'qf the divisor, and subtracting 
the exponents of the common letter. 

42. What is division in Algebra? Give the rule for dividing mono- 
mials. 
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Also, 35a3&2c = Z> a 3-W-ic=5a?bc, 

lab 

fo? lab X 5a?bc = 35a 3 £ 2 c. 

Again, — = 7abc. 

8a 3 bc 

Hence, for the division of monomials we have the fol- 
lowing 

BULB. 

I. Divide the ' co-efficient of the dividend by the co-efficient 
of the divisor, for a new co-efficient. 

II. Write after this co-efficient, all the letters of the dividend, 
and affect each with an exponent, equal to the excess of its 
exponent in the dividend over that in the divisor. 

From this rule we find 

«^5« = Wbcd ; 150gW = 5a W. 
12ab 2 c ' ,30a 3 bW 

1. Divide 16a; 2 by 8x. Ans. 2x. 

2. Divide 15ax 2 y 3 by Zay. Ans. 5x 2 y* 

3. Divide 84a6 3 * by 126 2 . Ans, tabx. 

4. Divide 36a 4 i 5 c 2 by QaWc. Ans. 4ab 3 c. 

5. Divide 8fa 3 6 2 c by 8a 2 b. Ans. llabc. 

6. Divide 99a*i"a' 5 by lla 3 6 2 z*. Ans. 9ab 2 x. 

7. Divide 108a;V2 3 by Mafie. Ans. 2xyW. 

8. Divide 64sy^ 6 by lQx*y* s s. Ans. Axyz. 

9. Divide 96a 7 6 6 c 5 by 12a 2 6c. Ans. 8aWc*. 

10. Divide 54aW 6 by 27acd. Ans. 2a 6 c*dK 

11. Divide S6a*Vd* by 2a W Ans . 19aM3 
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12. Divide 42a 2 6 2 c 2 by lobe. Am. Qabe. 

13. Divide 64a 5 6 4 c 8 by 32a 4 6c. Am. 2a6 3 c 7 . 

14. Divide 128a 5 a 6 y 7 by \Qaxy*. Ans.' 8a*x 5 y 3 . 

15. Divide 1326tf 5 / 6 by 2d*f. Am. 666<2/ s . 

16. Divide 256a*JW by 16a 3 6c 6 . -4ras. 16a5W. 

17. Divide 200a 8 7» 2 ra 2 by 50a 7 m». _4ns. 4amra. 

18. Divide 300a;V s2 ty 60sy 2 z. -4ws. 5a% 2 z. 

19. Divide 27a 5 5 2 c 2 by 9aSc. Ans. 3a 4 6c. 

20. Divide eiayfe 8 by '32ay 5 s 7 . -4ns. 2a 2 yz. 

21. Divide 88a 5 6 6 c 8 by lla 3 6 4 c 6 . Jrcs. 8a 2 5 2 c 2 . 

43. It follows from the preceding rule, that the exact 
division of monomials will be impossible, 

1st. When the co-efficient of the dividend is not exactly 
divisible by that of the divisor. 

2d. When the exponent of the same letter is greater in 
the divisor than in the dividend. 

3d. When the divisor contains one or more letters not 
found in the dividend. 

When either of these three cases occurs, the quotient may 
be expressed uader the form of a monomial fraction ; that 
is, a monomial expression, necessarily affected with the 
algebraic sign of division. Such expressions are said to 
be in their simplest/form, when the numerator and denomi- 
nator do not contain a common factor. 

For example, I'ZaWcd, divided by 8a 2 6c 2 , gives 
12a i b 2 cd . 
8a 2 6c 2 ' 

43. What is the first case Darned in which the division of monomials 
will not be exact ? What is the second ? What is the third ? If either 
rf these cases occur, can the exact-division be made ? Under what form 
will the quotient then remain ? May this fraction be often reduced to a 
simpler form ? 
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which may be reduced by dividing the numerator and deno- 
minator by the common factors 4, a 2 , b, and c, giving 

12a*b 2 cd 3a?bd 



Also, 



8a 2 6c 2 2c 

25a 5 b 2 cP 5a 



\ha i bH i Zb*d 



44. Hence, for the reduction of a monomial fraction to 
it*, simplest form, we have the following 

KULE. 

Suppress every factor, whether numerical or literal, that it 
common to both terms of the fraction, and the result will be 
ike reduced fraction sought. 

From this new rule we find, 

(i) (2) 

48a 3 5 2 cd! 3 _ 4ad 2 . d 37a b 3 c s d _ 376 2 c . 
3Ga 2 b*c 2 de- ~ 3bce" ** 6a 3 b c*cP ~" 6a 2 d ' 

, (3) (4) , 

also ™l = ±: and ^ 2o 



14a 3 6 2 2a6 6a¥ 36 z 

7bc- 



5. Divide 49a 2 6 2 c 6 by 14a 3 6c 4 . Ans. 

6. Divide Qamn by Sabc. Ans. 

7. Divide 18a 2 6 2 mw 2 by 12d*b*ed. Ans 



2a 

2mn 
~bc~ 
Zmn 2 



2a 2 b 2 cd 



44. Give the rule for the reduction of a monomial fraction. 
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8. Divide 28aWd 8 by IGab'ccPm. Ans. 7<t W . 

46 3 m 

9. Divide 72aV6 2 by 12aVfi 3 d. ,4/w. - 

a 2 c 2 bd 

10. Divide'100a 8 & 5 zmn. by 25a 3 6 4 a\ Ans. 4aibxmn . 

d 

11. Divide 96a 5 6 8 cW by 75a W ^res. 32ffliW< */ 

2bxy 

12. Divide 85w 2 »y*V by 15am*nf. Ans. 1Wir V. 

127 

13. Divide 127cFVy by 16d*«V. _4?is 



16tfsy 

45. If we have expressions of the form 
a a? a 3 a 4 a 5 
a a 2 a 3 a 4 a 8 

and apply the rule for the exponents, we shall have 



— = a 1 - 1 = a°, %■ = a 2 -* = a , % = a 3 - 3 =a°, &o. 

But since any quantity divided by itself is equal to 1, it 
follows that 

— = a" = 1, %■ = a?-* = o° = 1, &c, 

or finally, if we designate the exponent by m, we have 

a m 

— _ „«•-»• _ a o _ i . tna t is 

a m ' ' 

The power of any number whose exponent is 0, is equal to 1 ; 
and hence, a factor of the form a may be omitted, being 
equal to 1. 

45. What is a" equal to ? What is V equal to ? What is the power 
of cny number equal to, ■when the exponent of the power is ! 

4 
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2. Divide 6a?b 2 c*d by 2a 2 J z tf. 



6a 2 6 2 cV 



= WW-Wd 1 - 1 = Be*. 



2aWd 

3. Divide 8a*6Vd 5 by 4a 2 5W 5 . % ^»«- 2a *- 

4. Divide 16a 6 W by 8aW. ^ s - 2d "- 

5. Divide 32m 3 «%V by 4m% 3 a;y. -4«*- 8*y. 

6. Divide 96a 4 5 5 d 6 c9 by 24a i b i d s c 9 . ^»«- 4W 

SIGNS IN DIVISION. 

46. The object of division, is to tind a third quantity 
called the quotient, which, multiplied by the divisor, shall 
produce the dividend. 

Since, in multiplication, the product of two terms having 
the same sign is affected with the sign +, and the product 
of two terms having contrary signs is affected with the 
sign — , we may conclude, 

1st. That when the term of the dividend has the sign +, 
and that of the divisor the sign of +,.the corresponding 
term of the quotient must have the sign + . 

2d. When the term of the dividend has the sign +, and 
that of the divisor the sign — , the corresponding term of 
the quotient must have the. sign — , because it is only the 
sign — , which, multiplied with the sign — , can produce 
the sign + of the dividend. 

46. What will the quotient, multiplied by the divisor, be equal to 1 
If the multiplicand and multiplier have like signs, what will be the sign 
of the product ? If they havo contrary signs, what will be the sign of 
the product? When a term of the dividend and the term of the divisor 
have the same Bign, what will be the sign of the corresponding term of 
the quotient ? When they have different signs, what will be the sign of 
the term of the quotient I 
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3d. Wht/ti the term, of the dividend has the sign — , and 
that of the divisor the sign +, the term of the quotient 
must have the sign — . Again we say for brevity, that, 

+ divided by +, and — divided by — , give + ; 
— divided by +, and + divided by — , give — . 



EXAMPLES. 



1. Divlie 4ax by — 2a. Ans. — 2x. 

Here it is plain that the answer must be — 2x; for, 
— 2a X — 2x = + 4ax, the dividend. 



2. Divide 36a 3 * 2 by — 12a 2 x. 

3. Divide — 58a 3 6W 2 by 29a 2 b*c. 

4. Divide — 84a*b 5 d 3 by — 42a 2 «. 

5. Divide 64c*a" 5 :r 3 by I6c*dx. 



6. Divide — 886 4 a; 5 y 6 by — 246 3 ccfo 5 . Ans. + 



Ans. — 3ax. 

Ans. — 2abcd 2 . 

Ans. 2a 2 b 3 d 2 . 

Ans. 4a?V. 

Uby e 



7. Divide 

8. Divide 



77a 4 yV by - 
MaWcH by 



lla^z 4 . 
- 42a i b 2 c 2 d. 



9. Divide — QWW&d by — 12a 8 iW 2 . 

10. Divide — 88a 6 6 7 c 6 by 8a 5 6 6 c 6 . 

11. Divide 16a 2 by — 8x. 

12. Divide — 15a 2 »y 3 by Say. 

13. Divide -84aJ 3 z by - 12b 2 . 

14. Divide — 96a*b 2 c 3 by 12a 3 6c. 

15. Divide — 144a 9 6 8 c 7 ^ 5 by — 36a 4 Z>W. 

16. Divide 256a 3 bc 2 x 3 by — 16a 2 «; 2 . 

17. Divide — 300a 5 6W by S0a*b 3 c 2 x, 

18. Divide 500a 8 6 9 c 8 by — 100a 7 6 8 c*, 



Scd 
Ans. — T , 
-<4?js. — 2. 

Ans. +5-— ■. 
abed 

Ans. — lla5. 

Ans. — 2x. 

■ Ans. —baxy 2 . 

Ans. labx. 

Ans. — 8a6c 2 . 

Ans. laWcd*. 

Ans. — ]6abcx. 

Ans. - lQabcx. 

Ans. — 5<fbc 2 . 
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19. Divide — '64a s 6 a c 7 by - 8o*J 7 c 6 . Ans. 8alc. 

20. Divide + 96a 5 6 4 <#> by — 24aW. Ans. - 4aW. 

21. Divide 72a 5 W* by — 8a*fi 2 £ ^««- — ^ a0<p - 

Division of Polynomials. 

FIRST EXAMPLE. 

47. Divide a 2 — 2ax + x 2 by a — x. 

It is found most convenient, Dividend. Divisor. 

la — a 
a — # 
Quotient. 



in division in algebra, to place a 2 — 2ax + x 2 

the divisor on the right of the a 2 — ax 

dividend, and the quotient di- — ax + x 2 

rectly under the divisor. — ax + x 2 



We first divide the term a 2 , of the dividend, by the term 
a of the divisor : the partial quotient is a, which we place 
under the divisor. We then multiply the divisor by a, and 
subtract the product a 2 — ax from the dividend, and to the 
remainder bring down x 2 . We then divide the first term 
of the remainder, — ax by a, the quotient is — x. We 
then multiply the divisor by — x, and, subtracting as before, 
we find liothing remains. Hence, a — x is the exact quotient. 

In this example, we have written the terms of the dividend 
and divisor in such a manner that the exponents of one of the 
letters go on diminishing from left to right. This is what is 
called arranging the dividend and divisor with reference to 
that letter. By this preparation, the first term on the left 
of the dividend is the one which must be divided by the 
first on the left of the divisor, in order to obtain the first 
term of the quotient. 



47. What do you understand by arranging a polynomial with refer- 
ence to a particular letter ? 



DIVISION. 63 

48 Hence, for the division of polynomials, we have this 

RULE. 

I. Arrange the dividend and divisor with reference to the 
same letter, and then divide the first term on the left of the 
dividend by the first term on the left of the divisor, the result 
is the first term of the quotient ; multiply the divisorby this 
term, and subtract the product from the dividend. 

II. Then divide the first term of the remainder by the first 
term of the divisor, which gives the second term of the quotient ; 
multiply the divisor by the second term, and subtract the pro- 
duct from the result of the first operation Continue the same 
process until you obtain J)_ for a remainder, or until the first 
term of the remainder cannot be divided by the first term of 
the divisor. 

SECOND EXAMPLE. 

Let it be required to divide 

51a 2 b 2 + 10a* — 48a 3 5 — 156* + 4a5 3 by 4a6 — 5a 2 +3Z> 2 . 
We here arrange with reference to a. 

Dividend. Divisor. 



10a*-48a 3 6 + 51a 2 J 2 + 4a6 3 -155* 
+ 10a*— 8a 3 5 — 6a 2 b 2 

-40a 3 6 + 57a 2 6 2 + 4a& 3 -156* 
— 40a 3 & + 32a 2 S 2 + 24a& 3 

25a 2 6 2 — 20a6 3 -156* 
25a 2 6 2 -20a6 3 -156* 



| - 5a 2 + 4a6 + 36 2 
— 2a 2 + Sab — 56 2 
Quotient. 



48. Give the general rule for the division of polynomials ? If the 
first term of the arranged dividend is not divisible by the first term of 
the arranged divisor, is the exact division possible ? If the first term of 
any partial dividend is not divisible by the first term of the divisor, is 
the exact division possible ! 
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Remark. — When the first term of the arranged dividend 
is not exactly divisible by that of the arranged divisor, the 
complete division is impossible ; that is to say, there is not 
a polynomial which, multiplied by the divisor, will produce 
the dividend. And in general, we shall find that the exact 
division is impossible, when the first term of any one of the 
partial dividends is not divisible by the first term of the 
divisor. 

GENERAL EXAMPLES. 

1. Divide 18a; 2 by 9x. Ans. 2x. 

2. Divide 10x 2 y 2 by — *bx 2 y. Ans. — 2y. 

3. Divide — 9ax 2 y 2 by 9x 2 y. Ans. — ay. 
. 4. Divide — 8a; 2 by — 2x. Ans. + Ax. 

5. Divide lOab + \5ac by 5a. Ans. 2b + 3c. 

6. Divide 30aa: — 54a; by 6a;. Ans. 5a — 9. 

7. Divide 10a; 2 y — 15y z — by by by. Ana. 2x 2 — 3y — 1. 

8. Divide 12a + 3aa; — 18aa; 2 by 3a. Ans. i + x — Qx 2 . 

9. Divide 6aa; 2 + 9a 2 a; + a 2 x 2 by ax. Ans. Qx + 9a + aa;. 

10. Divide a 2 f 2aa; + x 2 by a + x. Ans. a + x. , 

11. Divide a 3 — 3a 2 y + 3ay 2 — y 3 by a — y. 

Ans. a 2 — 2ay + y 2 . 

12. Divide 24a 2 i — 12a 3 c6 2 — dab by — 6a6. 

Ans. — 4a + 2a 2 c6 + 1. 

13. Divide 6a; 4 — 96 by 3a; — 6. -4w.2a: 3 +4a! 2 +8a;+16. 

14. Divide . . a 5 — ba l x + 10a 3 a: 2 — 10a 2 a; 3 + 5aa* — 
e 5 by a 2 — 2aa; + a; 2 . Ans. a 3 — Ba 2 x + 3aa: 2 — x 3 . 

15. Divide 48a: 3 — 76aa; 2 — 64a 2 a; + 105a 3 by 2a; — 3a. 

Ans. 24a; 2 — 2aa; — 35a 2 . 
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16. Divide y 6 — 3yV + 3y 2 x* — x 6 by y 3 — 3y 7 x •+■ 
3yz 2 — a; 3 . -4ws. y 3 + 3y 2 # + 3$« 2 + x 3 . 

17. Divide 64a 4 & 6 — 25a 2 J 8 ' by 8a 2 6 3 + 5a6 4 . 

Ans. 8a 2 b 3 — 5ab*. 

18. Divide 6a 3 + 23a 2 J + 22ai 2 + 56 3 by 3a 2 -\-Aab 
f b 2 . Ans. 2a + 56. 

19. Divide 6ax 6 + 6ax 2 y 6 + 42a 2 a; 2 by ax + 5ax. 

Ans. x b + xy e + 7a*. 

20. Divide - 15a 4 + 37a 2 5a' - 29a 2 e/- 206 2 a" 2 + tebcdf 
— 8c 2 / 2 by 3a 2 — 5bd + cf. Ans. — 5a 2 + 4bd — 8c/. 

21. Divide x* + x 2 y 2 + y* by x 2 — xy + y 2 . 

Ans. x 2 + xy + y 2 - 

22. Divide «* — y 4 by x — y. -4ras. a 3 + x 2 y + xy 2 + y 3 . 

23. Divide 3a* - 8a 2 i 2 + 3a 2 c 2 + 56 4 - 3fi 2 c 2 by a 2 -b 2 . 

Ans. 3a 2 - 56 2 + 3c 2 . 

24. Divide Qx e —5x s y 2 — 6«V + 6» 3 y 2 + \5x 3 y 3 — 9x 2 y* 
+■ 10*V + 15y 5 by 3a;' + 2x 2 y 2 + 3ij 2 . 

Ans. 2x 3 — 3x 2 y 2 + 5y 3 . 

25. Divide — c 2 + 16a 2 a; 2 — 7a5c — 4a 2 5a; — 6a 2 6 2 + 6ac* 
by 8aa; — Gab — c. Ans. 2ax + ab + c. 

26. Divide . . 3a 4 + 4a; 3 y — 4s 2 — 4a% 2 + \Qxy — 15 
by 2xy + x 2 — 3. Ans. 3x 2 — 2xy + 5. 

27. Divide s £ + 32y 5 by x + 2y. 

Ans. x* — 2x 3 y + 4a: 2 y 2 — 8xy 3 + 16y*. 

2". Divide 3a 4 - 26a 3 6 - 14a& 3 + 37a 2 i 2 by 26 2 - 
5a6 t- 3a 2 . Ans. a 2 — lab. 
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CHAPTER II. 

Algebraic Fractions. 

49. Algebraic fractions are of the same nature at »rith- 
metical fractions ; that is, we must conceive that sonm unit 
one has been divided into as many equal parts as there are 
units in the denominator, and that one of these parts is 
taken as many times as there are units in the numerator. 
Hence, addition, subtraction, multiplication, and division, 
are performed according to the rules established for arith- 
metical fractions. 

It will not, therefore, be necessary to demonstrate these 
rules, and in their application we must follow the procedures 
indicated for the operations on entire algebraic quantities. 

50.' Every quantity which is not expressed under a frac- 
tional form is called an entire quantity. 

51. An algebraic expression which is partly entire and 
partly fractional, is called a mixed quantity. 



49. How are algebraic fraction? to be considered ? What does the 
denominator show ! What does the numeratoi show! How then are 
the operations in fractions to be performed ! 

50. What is an entire quantity t 

51. What is a mixed quantity t 
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CASK I. 

To reduce a fraction to its simplest form. 

52, A fraction is said to be in its simplest form, when 
there is no common factor in the numerator and denomi- 
nator. The rule for reducing a monomial fraction to its 
simplest form has already been given (Art. 44). 

With respect to polynomial fraotions, examples under the 
following cases are easily reduced. 

1. Take, for example, the expression 



a 2 — 2ab + b 2 
This fraction can take the form 

(a + b) (a-b) 

(a - by 

(Art. 39 and 40). Suppressing the factor a — b, which 
is common to both terms, we obtain 

a + b 
a — b 

2. Again, take the expression 

5a 3 — 10a 2 & + 5ab 2 
8a 3 - 8a 2 b 

This expression can be decomposed thus: 

5a(a 2 — 2ab + b 2 ) 
8a 2 (a — b) ' 

5o (o - b) 2 

or — - • 

• 8o 2 (a - b) 



62< How do you reduce a fraction to its simplest terms ! 
4 
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Suppressing the common factors a{a — 6), the result is 

5(a - 6) 

8a 

■ Hence, to reduce any fraction to its simplest form, we sup- 
press or cancel every factor common to the numerator and 
denominator 

Note. — Find the common factors of the numerator and 
denominator as explained in (Art. 41). 

examples. 

, „ , 3a 2 + 6a 2 6 2 . ... 

1. Keduce ,„ . — —r-z — to its simplest torm. 
12a* + 6a 3 c 2 * 

, 1+262 

Ans. 



4a 2 + 2ac 2 ' 

„ -d , 15a 5 c + 25a 9 i x . L . , ,. - 

2. Keduce _,_„,_„„ to its simplest form. 

25a 2 + 30a 2 r 

3a 3 c + 5a 7 d 
Ans. ttj 

856 7 c<7 5 

3. Eeduce to its simplest form. 

17 



3c 7 



60c 6 a* 4 / s 

4. Eeduce -p— to its simplest form. 

12c 5 «y> r 

■Ans. -<fp, • 

5. Reduce **"* ~ ^ " • ^ ^-'^ 

63a 6« - 36a 2 6* MS " 76 2 — 4o * 

96a 3 6 2 c 

6. Eeduce _ to its simplest form. .4res. — 8. 

245° - 36a5* 45 - 6a 

7. Eeduce -75-777 — h^HI? ' -«»*• 



48a»6* — 66a 5 6« " 8a* — llo 8 * 4 - 
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CASE II. 

53. To reduce a mixed, quantity to the form of a frac- 
tion. 

RULE. 

Multiply the entire part by the denominator of the fraction ; 
add to this product the numerator, and under the result place 
the given denominator. 

EXAMPLES. 

1 . Reduce 6^- to the form of a fraction. 

43 

6x7 = 42: 42 + 1=43: hence, 64=^-. 

( a 2 a;2\ 

2. Eeduce x — - to the form of a fraction. 



a 2 — x 2 _ x 2 — (a 2 — x 2 ) _ 2x 2 — a 2 



-a 2 . 

x = 5 '- = . Ans. 

xxx 

ax I x 2 

3. Reduce x to the form of a fraction. 

2a 



. ax^-x 3 
Ans. 



2a 



2x — 7 

4. Reduce 5 H s to the form of a fraction. 

ox 



. YSx — 7 
AnS '—3x— 

x ~~ a ~ ~ X 

5. Reduce 1 to the form of a fraction. 

a 

2a — x + 1 
Ans. . 



63 How do you reduce a mixed quantity to the form of « fraction I 



76 ELEMENTARY ALGEBRA. 

6. Eeduce 1 + 2x — ^— to the form of a fraction. 

10a; i! +4a;+3 
Ans. 



bx 

7. Eeduce 2a + b - SC * * to the form of a fraction. 

IGa + 86 — 3c— 4 
Ans. g— • 

8. Reduce (to + i - **'*" "* to the form of a fraction. 

4a 

18a 2 a; + bob 

Ans. -. ■ 

4a 

9. Reduce 8 + 3aS y r-j— to the form of a fraction. 

96a&r 4 + 30a 2 6V - 8 
12abx l 

3J2 g c 4 

10. Reduce 9 + 7^- to the form of a fraction. 

a — 6* 

9a _ 66 2 — 8c* 
Ans. 



a-6 2 

CASE III. 

. 54. To reduce a fraction to an entire or mixed quantity. 

RULE. 

Apply the •process for division until the first term of the 
remainder is not divisible by the first term of the divisor. To 
the t/notient, thus obtained, add the last remainder divided by 
the demnniiiator. 

64. How do you reduce a fraction to an entire or mixed quantity I 
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EXAMPLES. 

, _ , 8966 

1. Ivoduce — — to an entire number, 
o 



8)8966( 



1120 ... 6 rem. 

Hence, 1120 J = Ans. 

n _ , ax — a 2 

A. Keduce to a mixed quantity. 

a 2 

Ans. a . 

x 

„ _ , ax — x 2 

rf. Keduce — : to an entire or mixed quantity. 

Ans. a — x. 

4. Reduce =■ to a mixed quantity. 

a 2a 2 

Ans. a 

b • 

q2 <j*2 

5. Eeduce to an entire quantity. Ans. a + *. 



2"3 «»3 

6. Reduce *_ 



to an entire quantity. 



Ans. x 2 + xy -j- y 2 . 

\Qx 2 5ar + 3 

7. Reduce - to a mixed quantity. 

ox 

g 

-4ra* 2« — 1 H , 

hx 

„ „ , 36x 3 - 72* + 32aV . - 

8. Reduce g to a mixed quantity. 

. ■ , „ „ 32a 2 z 
.4ra*. 4a; 2 — 8 H ;r— 
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CASE IV. 

55. To reduce fractions having different denominators to 
equivalent fractions having a common denominator. 

RULE. 

Multiply each numerator into all the denominators except 
its own, for new numerators, and all the denominators together 
for a common denominator. 

EXAMPLES. 

1. Reduce \, f, and £, to a common denominator. 

1X3X5 = 15 the new numerator of the 1st. 
7 X 2 X 5 = 70 " " " 2d. 

4 X 3 X 2 = 24 " " " 3d. 

and 2 x 3 X 5 = 30 the common denominator. 

Therefore, Jf , £#, and §-£ , are the equivalent fractions. 

Note. — It is plain that this reduction does not alter the 
values of the several fractions, since the numerator and 
denominator, of each, are multiplied by the same number. 

2. Reduce — and — to equivalent fractions having 
a common denominator. 

' the new numerators. 



= ac ) 
= 6 2 J 



6X6: 
and 6 X c = 6c the common denominator. 

65. How do you reduce fractions to a common denominator t 
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Hence, ' -j— and -r- are the equivalent fractions. 
3. Eeduce — and to fractions having a com- 
mon denominator. Ans. — and ' 



be be 

4. Eeduce — > — > and d, to fractions having a 

, . . 9cx Aab , 6acd 

common denominator. Ans. — — > - — > and — — • 

bae oac 6ac 

3 2x 2x 

5. Eeduce — i — , and a-\ , to fractions having 

4 3 a ° 

a common denominator. 

9a 8ax , 12a 2 + 24* 

Am ' 127' TaT Md 12a • 

la 2 a 2 + a 2 

6. Eeduce — , • -^-> aDd ■ > to fractions hav- 

Z o a + x 

ing a common denominator. 

3a + 3x 2a 3 + 2a 2 s 6a 2 + 6x* 

AnS - 6a~+Wx 6a +6x ' and 6a + 6x ' 

a Qax a 2 — x 2 

7. Eeduce ttt' t— > and ; — > to a common 

36 5c a 

denominator. 

• . 5acd ' 18abdx , 15a 2 fic — 156c* 8 

Ans - TbJcd' Ibid' a \5be~d " 

,.•*-.•■ c a — 6 , c 

8. Eeduce — > > and — r— -i to a common 

5a c a + 

denominator. 

ae 2 + c 2 4 5a 3 — 5ab 2 , Sac 2 

5a 2 c + 5a6c' 5a 2 e -f- 5a6c ' &a*c + 5abe 
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tiASE V. 

56. To add fractional quantities. 

EULE. 

Reduce the fractions, if necessary, to a common denomina- 
tor ; then add the numerators together, and place their sum 
over the common denominator. 

EXAMPLES. 

1. Add f, £, and f together. 

By reducing to a common denominator, we have 

6x3x5 = 90 1st numerator. 

4 X 2 X 5 = 40 2d numerator. 

2X3X2 = 12 3d numerator. 

2 X 3 X 5 = 30 the denominator. 

Hence, the expression for the sum of the fractions becomes 

90 40 12 _ 142 . 
- .30 30 30 ~ 30 ' 

which, being reduced to the simplest form gives 4^§-. 

2. Find the sum of — , -=-, and — • 

b d f 

Here a x d x f= adf i 

c X b X / = cbf > the new numerators. 

e X b X d = ebd ) 
And b x d x / = bdf the common denominator. 
adf cbf ebd adf+cbf+ebd , 

Hence ' idf + w + W = w > the sum - 



66. How do you add fractions t 
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:* 2 2a: 

7- add b A 

c 



3. To a j- add 6 + 



. , , , 2ai* — 3c* 2 

Ans. fl+H r 

be 

4. Add — , — and — together. Ans. + — ■ 

2 3 4 !<* 

c AJ1 a;-2 , 4*, . . 19* - 14 

5. Add — - — and — together. Ans. — — • 

„ .„ , *-2 „ ,2a; -3 . , , 10a— 17 

6. Add x -^ — to 3* -\ — . Ans. 4*H — 

o 4 1 ** 

5a; 2 x ~\- a 

7. It is required to add 4z, — - ) and — - — together. 

. 5x 3 + ax -f- a 2 

Ans. 4x H ! 

2ax 

2* 7* 2* 4- 1 

8. It is required to add — , — > and — - — together. 

o 4 O 

• 49* +"12 

^■ a *+ 60 

9. It is required to add 4*, — » and 2 + — together. 

44* + 90 

.4ms. 4* 4 — ■ — 77 • 

45 

2* 8* 

10. It is required to add 3* + — and * — together. 

23* 
45 " 



Ans. 3* -f 
1 1. Required the sum of ac — — and 1 -. 



8a 2 cd — 6bd + 8ad — 8at 

Ans - — 8ad 

4* 
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CASE VI. 

57 To subtract one fractional quantity from another. 

EULE. 

I. Reduce the fractions to a common denominator. 

II. Subtract the numerator of the subtrahend from the 
numerator of the minuend, and place the difference over the 
common denominator. 

EXAMPLES. 

3 2 

1. What is the difference between — and -g-« 

3 2 24 14 10 5 



_ . , — Ans. 

7 8 56 56 56 28 



. x — a ,2a — 4x 

2. Find the difference of the fractions ana — — — • 

f (x — a) X 3c = 3<se — 3ac ) ., 
Here -I v ; , , „, l the numerators. 

' 1 (2a -J- 4a) X 26 = 4a6 - 86a; $ 

And, ' 26 X 3c = 66c the common denominator, 

3ca;— 3ac 4a6— 86a; 3c.t— 3ac— 4a6+86a; 
Henoe '-66c 66c— = 663 " *" 

12& Sx 39& 

3. Required the difference of -=- and — • Ans 



7 5 "35 

4. Eequired the difference of 5y and — . Ans. -^~ 

Sx 2x 13x 

5. Required the difference of -=- and — • Ans. 



7 9 '63 



57. How do you subtract fractions I 
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6. Required the difference between — ^ — &n d — . 

b a 

. dx + ad — be 

Ans. — — . 

od 

7. Required the difference of — =-j — and — - — . 

. s oo o 

24a; + 8a — 10oa— 354 



Ans. 



406 



x ' x — a 
8. Required the difference of 3a; + — and a; 

, - , cz + bx — ab 

Ans. 2x ^ j . 

be 

CASE VII. 

58. To multiply fractional quantities together. 

EULE. 
If the quantities to be multiplied are mixed, reduce them to 
fractional forms ; then multiply the numerators together for 
a numerator and the denominators together for a denominator. 

EXAMPLES. 

1. Multiply I of y by 8£. 

t 
We first reduce the com- 
pound fraction to the sim- 
ple one -^, and then the 
mixed number to the equiv- 
alent fraction ^ 5 ; after 
which, we multiply the 
numerators and denomina- 
tors together. 



Operation. 



1 

6 


of 


3 

7 _ 

8* = 


3 

42' 

25 
3 " 




ce, 


3 

42 


25 

X T 


75 _ 
~126~ 


25 

: 42 








Ans. 


25 
42 
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bx c bx a 2 + bx 

2. Multiply a + — by -j- First, a + — — 



a 

Hence a * + fa x - = ^±-^- ^m. 

HenCe ' a X d ad 

„ Sx , 3a . 9(M! 

3. Required the product of -g- and — • 4ras. ~^- 

2% 2x 2 

4. Required the product of — and -<— - • 

5a 

, 2x Sab 3ac 

5. Find the continued product of — ) and — - • 

r a c 26 

Ans. 9ax. 

bx a 

6. It is required to find the product of 6 H and 

ab + bx 



Ans, 



x 



x 2 52 x 2 J_ J2 

7. Required the product of — 7 aid , . 



x* - b* 
Ans. 



b 2 c + be 2 



x -{- 1 x 1 

8. Required the product of x H > and — j~7' 

. ax 2 — ax + x 2 — 1 
Ans. 



a 2 + ab 



9. Required the product of a -| by 

Ans. 



ax , , a* — x 



2 



a — x x + x 2 

a* — a 2 x 2 



ax + ax 2 — x 2 — x 3 



68. How do you multiply fractions together i 
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CASE VIII. 

59. To divide one fractional quantity by another. 

RULE. 

Reduce the mixed quantities, if any, to fractional forms ; 
then invert, the terms of the divisor and multiply as in the last 
case. 

EXAMPLES. 

1. Divide. . . . H by |~ 

The true quotient will be expressed by the complex 

fraction ^- • 

Let the terms of this fraction be now multiplied by the 
denominator with its terms inverted _: this will not alter the 
value of the fraction ; and we shall then have, 



II — 27 x g _M_2_JL 

fix* 1 



H X ! = ! = quotient. 



It will be seen that the quotient is obtained by simply 
multiplying the numerator by the denominator with its 
terms inverted. This quotient may be further simplified by 
dividing by the common factors 5 and 8. giving §■ for the 
true quotient. 

A f 

2. Divide . . a — — by ±- ■ 
2c J ff 

b _ 2ac — b 
a ~ Tc~ ~2c 

, T b f % ac — ° ff 2accr — bg , 

Hence,«--^=-^ r -x^ = -^. An. 



59. How do you divide one fraction by another I 
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1x 12 j 91a; 

3. Let — be divided by — • Ans. ~^- 

4-x 2 . 4a: 

4. Let — - be divided by 5x. Ans. —• 

x -4- 1 2a; x -4- 1 

5. Let — - — be divided by — • Ans. —^ 

6 ^3 4a; 

x a: 2 

6. Let be divided by -zr- Am. -• 

a;— 1 J 2 x — 1 

7. Let — be divided by — • Ans. 



3 J 36 * 3a 

8. Let be divided by -— - • .4ns. — — — 

8c<2 J 4d 6c 2 a- 

T a:* — b* x* + bx 

9. Let —= — -j — -— - be divided by — — r- . 

x 2 — 2ia: + 6 2 ' x — b 

Ans. x -\ ■ 

x 

b . . x — a 



10. Divide 6a 2 + — by c 2 — 



5 "' " 2 



Ans. ™ a2 + 2b ' . 
10c 2 - 5a: + 5a 



11. Divide 18c 2 _ « + ± by a 2 - A. 
6 J 5 



90^-Ste + Sa 
5a 2 6 — 6 2 



12. Divide 20a: 2 — ~ by a: 2 - ^^. 
dc 3 J f 



Ans 20rfc3 /^ 2 -8«J/ 
' dctfx* - dc 3 b + dc* ' 
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CHAPTER III. 
Of Equations of the First Degree. 

60. An Equation is the algebraic expression of two equal 
quantities with the sign of equality placed between them. 
Thus, a; = a + b is an equation, in which x is equal to the 
sum of a and b. 

61. By the definition, every equation is composed of two 
parts, connected by the sign =. The part on the left of the 
sign, is called the first member ; and that on the right, the 
second member. Each member may be composed of one or 
more terms. Thus, in the equation x = a + b, x is the first 
member, and a + b the second. 

62. Every equation may be regarded as the algebraio 
enunciation of some proposition. Thus, the equation 
x + x = 30, is the algebraic enunciation of the following 
proposition : 

60. What is an equation ? 

("I. Of how many parts is every equation composed? How are the 
parts connected with each other ? What is the part on the left called ! 
What is the part on the right called ? May each member be composed 
of one or more terms ? In the equation x = a 4- b, which is the first 
member ? Which the second ! How many terms in the first member ! 
How many in the "econd ? 
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To find a number which being added to itself, shall give a 
sum equal to 30. 

"Were it required to solve this problem, we should first 
express it in algebraic language, which would give the 
equation 

x + x = 30. 

By adding x to itself, we have 
2x = 30. 
And by dividing by 2, we obtain 

x = 15. 
Hence, we see that the solution of a problem, by algebra, 
consists of two distinct parts : viz. the statement of the 
problem, and the solution of an equation. 

I. The statement consists in expressing algebraically the 
relation between the known and the required quantities. 

II. The solution of the equation consists in finding the 
values of the required quantities in terms of those which are 
known. 

The given or known parts of a problem, are represented 
either by figures or by the first letters of the alphabet, a, 6, 
c, &e. The required or unknown parts are represented by 
the final letters, x, y, z, &c. 



Find a number which, being added to twice itself, the 
sum shall be equal to 24. 

62. How may you regard every equation ? What proposition does 
the equation x + x = 30 state ? Of how many parts does the solution 
of a problem by algebVa, consist? Name them. In what does the 1st 
part consist ? What is the 2d part ? By what are the known parts of 
i proposition represented ? By what are the unknown parts represented ? 



EQUATIONS OF THE 8MKST DEGRKfi. 89 

Statement. 
Let x denote the number. We shall then have 

a- + 2* = 24! 
This is the statement. 

Solution. 

Having . . . . x + 2a; = 24, 

we add x + 2a;, 

which gives ... Sx = 24, 

and dividing by 3, x = 8. 

63. The value found for the unknown quantity is said to 
be verified, when, being substituted for it, in the given equa- 
tion, the two members are proved equal, each to each. 

Thus, in the last equation we found * = 8. If we substi- 
tute this value of x in the equation 

x + 2x = 24, 
we shall have 8 + 2 X 8 = 8 + 16 = 24. 
which proves that 8 is the true answer. 

64. An equation involving only the first power of the 
unknown quantity, is called an equation of the first degree. 
Thus, 6a- + 3x - 5 = 13, 

and ax -£- bx -\- c = d, 

*.re equations of the first degree. 

By considering the nature of an equation, we see that it 
must possess the three following properties : 



b'3. When is an equation said to be terijied? 

64i When an equation involves on'.y the first power of the unknown 
quantity, what is it called f What are the three essential properties cf 
every equation I 

5 
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1st. The two members must be composed of quantities of 
the same k.nd : that is, dallars = dollars, pounds = pounds. 
2d. The two members must be equal to each other. 
3d. The two members must have like signs. 

65. An axiom is a self-evident truth. We may here 
state the following. 

1. If equal quantities he added to both members of an equa- 
tion, the equality of the members will not be destroyed. 

2. If equal quantities be subtracted from both members of 
an equation, the equality will not be destroyed. 

3. If both members of an equation be multiplied by the same 
, number, the equality will not be destroyed. 

4. If both members of an equation be divided by the same 
number, the equality will not be destroyed. 

Transformation of Equations. 

66. The transformation of an equation consists in chang 
ing its form without affecting the equality of its members. 

The following transformations are of continual use in the 
resolution of equations. 

First Transformation 

67. When some of the terms of an equatioi are frac- 
tional, to reduce the equation to one in which the terms 
shall be entire. 

1. Take the equation 

2x 3x x 

-3-T + -W= u - 

65. What is ah axiom t Name the four axioms t 

Gfi. What is the transformation of an equation ? 

07. What is the first transformation ? What is the least "cmmon 
multiple of several numbers? How do you find the least common 
multiple I 
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First, reduce all the fractions to the same denominator, 
by the given rule ; the equation then becomes 

48s 54s 12s 
72 72 + 72 ' 

and since we can multiply both members by the same num 
ber without destroying the equality, we will multiply them 
by 72, which is the same as suppressing the denominator 
72, in the fractional terms, and multiplying the entire term 
by 72 ; the equation then becomes 

48* - 54* + 12* = 792, 
or dividing by 6, 8* — 9a; + 2x = 132. 

But this last equation can be obtained in a shorter way, by 
finding the least .common multiple of the denominators. 

The least common multiple of several numbers is the least 
number which they will separately divide without a remainder.' 
When the numbers are small, it may at once be determined 
by inspection. The manner of finding the least common 
multiple is fully shown in Arithmetic § 87. 

Take for example, the last equation 

2x 3x x •_ 

Y^~T + 6" 

We see that 12 is the least common multiple of the de- 
nominators, and if we multiply all the, terms of the equa- 
tion by 12, we obtain 

8* — 9* + 2* = 132 ; 

the same equation as before found. 
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68. Hence, to make the denominators disappear from an 
equation, we have the following 

BULB. 

I. Find the least common multiple of all the denomina- 
tors. 

II. Multiply every term of both members of the equation by 
this common multiple — reducing at the same time the frac- 
tional to entire terms. 

EXAMPLES. 



1. Clear the equation — + — —4 = 3 of its denomi- 
nators. Ans. 7x + 5x — 140 == 105. 

2. Clear the equation ~— + — — ■ — = 8 of its denom- 
inators. Ans. 9x + 6x — 2x = 432. 

CC £C (G X 

3. Clear the equation — + — — — + — = 20 of its 

• ~ o J 1 '** 

denominators. Ans. 18a: + 12a; — 4x + 3a: = 720. 

4. Clear the equation — + — — -j- — 4 of its denom- 
inators. Ans 14a; + 10a; — 35a; = 280. 

5. Clear the equation -f _ = 15 of itsdenom- 

4 5 o 

tnators. Ans. 15a; — 12a; + 10a; = 900. 



68. Give the rale for clearing an equation ol its denominators. 
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6. Clear the equation — — + — + — = 12 of its 

4 o © y 

denominators. Ana. 18a: — 12a; -\- 9x + 8x = 864. 

7. Clear the equation — — -\- f — g. 

Am. ad — be + bdf = bdg. 

8. In the equation 

ax 2c 2 x ■ 4bc 2 x 5a 3 , 2c 3 „, 

-7 7- + 4a = — r- --Tr-H 36, 

o ab a 3 b 2 a 

the least common multiple of the denominators is a 3 b 2 ; 

hence, clearing the equation of fractions, we obtain 

a*bx — 2a 2 bc 2 x + 4a 4 b 2 — 4b 3 c 2 x — 5a 6 + 2a 2 b 2 c 2 —3a 3 b 3 . 



Second Transformation. 

69. When the two members of an equation are entire 
polynomials, to transpose certain terms from one member 
to the other. 

1. Take for example the equation 

5x — 6 = 8 + 2x. 

If, in the first place, we subtract 2x from both merabers, 
the equality will not be destroyed, and we have 

5x — 6 — 2x — 8. 

Whence we see, that the term 2x, which was additive in 
the second member, becomes subtractive by passing into 
the first. 



G9i What is the second transformation ? What do you understand 
by transposing a term i Giva the rule for transposing from one member 
to the other. 
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In the second place, if we add 6 to both members, the 
equality will still exist, and we have 

5x — 6 — 2x + 6 = 8 + 6. 

Or, since — 6 and + 6 destroy each other, we have 

5x — 2x — 8 + 6. 

Hence the term which was subtractive in the first mem 
ber, passes into the second member with the sign of 
addition. 

2. Again, take the equation 

ax + 6 = d — ex. 

If we add ex, to both members, and subtract b from 
each, the equation becomes 

ax + 6 ■+- ex — b = d — ex + ex — 6. 

or reducing ax + ex = d — 6. 

When a term is taken from one member of an equation 
And placed in the other, it is said to be transposed: 

Therefore, for the transposition of the terms, we have the 
following 

EULE. 

Any term of an equation may be transposed by simply 
changing its sign from + to — , or from — to +. 

70. We will now apply the preceding principles to the 
resolution of equations. 

1. Take the equation 

4x - 3 = 2x + 5. 
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By transposing the terms — 3 and 2z, it becomes 
4% — 2x = 5 + 3. 
Or, reducing 8a; — 8. 

Dividing by 2 x = — = 4. 

til 

Verification. 

If now, 4 be substituted' in the place of x, in the given 
equation 

4x — 3 = 2x + 5, 
it becomes 4x4 — 3 = 2x4 + 5. 

or, 13 = 13. 

Hence, the value of x is verified by substituting it for the 
unknown quantity in the given equation. 

2. For a second example, take the equation 

5x _ 4x _ _ 7 _ 13a; 
l2~"3~ ~¥~"6~' 

By' causing the denominators to disappear, we have 

10a; — 32a; - 312 = 21 - 52a;, 
■or, by transposing 

.10a: — 32a- + 52a; = 21 + 312 
»y reducing 30a; = 333 

333 111 

a result which may be verified by substituting it for x in the 
given equation. 

3. For a third example let us take the equation 

(3a — x)(a — b) + 2axz= 46 (x + a). 
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It is first necessary to perform the multiplications indicat- 
ed, in order to reduce the two members to polynomials. 
.This step is necessary before we can disengage the unknown 
quantity x, from the known quantities. Having done that, 
the equation becomes, 

3a 2 — ax — Sab + bx + lax = \bx + 4a&, 
or, by transposing 

— ax + bx + 2ax — 45a; = 4o6 + Sab — 3a 2 , 
by reducing ax — 36a; = lab — 3a 2 ; 

Or, (Art. 41). (a — Sb)x = lab — 3a 2 . 

Dividing both members by a — 36 we find 
_ lab — 3a 2 
X ~ a — Sb' 
Hence, in order to resolve an equation of the first degree, 
we have the following 

RULE. 

I. If there are any denominators, cause them to disappear, 
and perform, in both members, all the algebraic operations 
indicated. 

II. Then transpose all the terms containing the unknown 
quantity into the first member, and all the known terms into 
the second member. 

III. Reduce to a single term all the terms involving the un 
known quantity : this term will be composed of two factors, 
one of which will be the unknown quantity, and the other tfo 
multipliers, connected by their respective signs. 

IV. Divide both members of the equation by the multiplier 
of the unknown quantity. 

70. What is the first step in resolving an equation of the first degree I 
What the second ? What the third ? What the fourth I 
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EXAMPLES. 

1. Given 3a — 2 + 24=51 to find x. Ans.x = S. 

2. Given x + 18 = Sx — 5 to find x. Ans. x = 11 — . - 

3. Given 6 — 2x + 10 = 20 — Sx — 2 to find *. 

^iras. a; = 2. 

4. Given x + — x + — a: = 11 to find x. Ans. x = 6 

5. Given 2x — — x+l=5x — 2,to find x. Ans. z=-=r- 

6. Given Sax + — 3 = bx — a, to find x. 

6 — 3a 
Ans. x = ■ 



6a — 26 



7. Given ?=1 + £ = 20 _ ?--^-to find a 

«6 O <w 



a; = 23^- 
4 



8. Given ?—= 1- -|- = 4 — to find *. 



„6 

Ans. x = 3— 

lo 



_ _. * Sx , 4* 

9. Given — — ir + 3 = — — 3 to find x. 
4 2 o 



.„ _. 3aa: 26a: . . ^ , , 

10. Given : ■ 4 =/ to find x. 

e ■ a 



* = 4. 



crf/+ 4c rf 
^ W *- * _ Sad-2bc 



93 
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11. 


Given 


8oa;- 
7 


-6 


36 — c 
2 


= 4 


— 6 to find x. 














56 + 96 - 

Ans. x = rs — 

■lba 


■7e 


12. 


Given 


X 

5 


x — 
3 


^ 2 


13 

" 3 


to find x. 

,4ns. * = 


10. 



13. Given =-H r = / to find x. 

abed 

abedf 
Ans. x = 



6crf — a«? + abd — abc 
Note. — Whao is the numerical value of x, when a = 1, 
i =2, c = 3, d—4, 6 6, and/=6. 

14. Given y - ~ - ^^ = - 12ft to find x. 

Ans. x = 14. 

15. Given a; ~To^ H n — = * + 1 to find x. 

.4ns. a; = 6. 

16. Given x + -^ + -? — 4 = 2a; — 43 to find a;. 

4 5 6 

.4n*. x == 60. 



, _. • 4a; — 2 3a; - 1 

t. Given 2a; — = — - — to find x. 



Ans. x = 3. 



18. Given 3a; -{ '— — = x + a to find x. 



Sa + d 

X = — — —^ 

6 + 6 

,„-,.- ax — b a bx bx—a „ , 

19. Given — — + -=_ _ to find a;. " 

a 36 

Ans. x = 



-26 
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20. Find the value of x in the equation 

(a + 6) (x - b) _ iab- 6 2 a? - bx 

a — b a + b b 

a 4 + Sa 3 b + 4a 2 i 2 — Qab 3 + 26* 



Ans. x ■. 



26(2a 2 + ab — ft 2 ) 



Of Propositions giving rise to Equations of the First 
Degree involving but one unknown quantity.- 

71. It has already been observed (Art. 62), that the 
solution of a problem by algebra, consists of two distinct 
parts : 

1st. To make the Statement : that is, to express the con. 
ditions of the proposition algebraically ; 

2d. To solve the resulting equation : that is, to disengage 
the known from the unknown quantities. 

We have already explained the manner of finding the 
value of the unknown quantity, after the proposition has 
been stated. It only remains to point out the best methods 
of stating the proposition in the language of algebra. 

This part of the algebraic solution of a' problem cannot, 
like the second, be subjected to any well defined rule. 
Sometimes the enunciation of the proposition furnishes the 
equation immediately ; but sometimes it is necessary to 
discover, from the enunciation, new conditions from which 
an equation may be deduced. 

71. Into how many parts is the resolution of a problem in algebra 
divided ? What is the first step ? What the second ? Which part has 
already hffen explained ? Which" part is now to be considered ? Can 
this part be subjected to exact rules ? Give the general rule for stating 
a proposition, 
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In almost all cases, however, we are able to make the 
statement ; that is, to discover the equation, by applying 
the following 

EULE. 

Represent the unknown quantity by one of the final letters 
of the alphabet ; and then indicate by means of the algebraic 
signs, the same operations on the known and unknown quan- 
tities, as wduUP verify the value of the unknown quantity, 
were such value known. 

QUESTIONS. 

1. To find a number to which if 5 be added, the sum will 
be equal to 9. 

Denote the number by x. 
Then by the conditions 

x + 5 = 9. 
This is the statement of the proposition. 
To find the value of *, we transpose 5 to the second 
member, which gives 

* = 9 - 5 = 4. 

Verification. 
4 + 5 = 9. 

2. Find a number such, that the sum of one-half, one- 
third, and one-fourth of it, augmented by 45, shall be equal 
to 448. 

Let the required number be denoted by x. 

Then one-half of it will be denoted bv ^t^— 

J 2 

one-third " " by 



one-fourth " " by 
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And by the conditions, 

xxx 

- + -+-- +45 = 4*8. 

This is the statement of the proposition. 
To find the Value of x, subtract 45 from both members, 
this gives 

- l + ¥ + 4 L = 403 - 

By clearing the equation of denominators, we obtain ' i 
6* + 4s + 3a; = 4836, > 



or 










13* = 


4836. 




Heiffe, 










x = 
Verification. 


?-** 




372 

a 


+ 


372 


+ 


372 

4 


+ 45 = 186 + 124 + 93 + 45= 


=448 



3. What number is that whose third- part exceeds its 
fourth by 16-] 

Let the required number be represented by x. Then, 

-—x= the third part. 
o 

*— x = the fourth part. 

And from the conditions of the problem " 

/ 

This is the statement. To find the value of x, we deal 
the equation of the denominators, which gives 

4te - Sx = 192. 
and z = 192. 
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Verification. 

^_^ = 64 _48 = 16. 
3 4 

4. Divide $1000 between A, B and C, so that A shall 
have $72 more than B, and C $100 more than A. 

Let x = B's share of the $1000. 

Then x + 72 = A's share, 

and . x + 172 = C's share" 

their sum is 3x + 244 =$1000. 

This is the statement. 

By transposing 244 we have 

3x =1000 -244 = 756 

756 
and x = -5— = 252 = B's share. 

o 

Hence, x + 72 = 252 4- 72 = $324 = A's share. 

And x + .172 = 252 + 172 = $424 = C's share. 

Verification. 
252 + 324 + 424 = 1000. 

5. Out of a cask of wine which had leaked away a third 
part, 21 gallons were afterwards drawn, and the cask being 
then guaged, appeared to be half full : how much did it 
hold ? . 

Suppose the cask to have held x gallons. 

Then, — what leaked away. 

And — + 21 ^ what had leaked and been drawn. 

X X 

Hence, — + 21 = — by the conditions. 
This is the statement. 
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To find x, we have 

2a: + 126 = Sx, 
and — x = — 12G, 

and by changing the signs of both members, 'which does not 
destroy their equality, we have 

x = 126. 

Verijkation. 

^ + 21 = 42 + 21=63 = ^-. 

6. A fish was caught whose tail -weighed 9/5., his head 
weighed as much as his tail and half his body, and his body 
weighed as much as his head and tail together ; what was 
the weight of the fish ? 

Let 2x = the weight of the body. 

Then, 9 + x = weight of the head ; 

and since the body weighed as much as both head and tail, 

2x = 9 + 9 + x, 

which is the statement. Then, 

2z — x = 18 and * = 18. 

Hence we hare, 

2x = 3Qlb. m= weight of the body. 
9 + x = 211b, = weight of the head. 
9lb. = weight of the tail. 
Hence, 121b. = weight of the fish. 
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7. The sum of two numbers is 67 and their difference 
19 : what are the two numbers 1 

Let x = the less number. 

Then, x + 19 = the greater. 

and by the conditions 

2x + 19 = 67. 

This is the statement. 

To find x, we first transpose 19, which gives 

2x = 67 - 19 = 48 ; 

48 
hence, x = — = 24, and * + 19 = 43. 

Verification. 
43 + 24 = 67, and 43 — 24 = 19. 

Another Solution. 

Let x denote the greater number : 

the,n «-*- 19 will represent the less, 

and, 2x — 19 = 67, whence 2x = 67 + 19 ; 

. * 86 ,„ 

therefore, x = — = 43, 

and consequently x — 19 = 43 — 19 = 24. 

General Solution of this Probkn. 

The sum «>f two numbers is o, their different*, is b. 
What are the two numbers ] 
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Let x denote the least number. 
Then, x + 6 will represent the greater. 

Hence, 2x + b = a, whence 2x = a — b ; . 

therefore. 





a 


— 


b 




a 




b 


a; = 




2 




a 


2" 


6 


2 



a ft 

and consequently, Tr + 6 =: — — — -\- i> — — + — . 

As the form of these two results is independent of the 
values attributed to the letters a and b, it follows that, 

IP/lowing the sum and difference of two numbers, we obtain 
the greater by adding the half difference to the half sum, anr 1 
the less, by subtracting the Half difference from half the sum. 

Thus, if the given sum were 237, and the difference 99 

. 237 99 237 + 99 336 ,„„ 
the greater is — + — or = — = 168 ; 

, t . . t 237 99 138 aa . 

and the least — — i or — — = 69. 



Verification. 
168 + 69 = 237 and 168 - G9 = 99. 

8, A person engaged a workman for 48 days. For each 

day that he labored he received 24 cents, and for each day 

that he was idle, he paid 12 cents for his board. At the 

end of the 48 days, the account was settled, when the laborer 

received 504 cents. Required the number of working days, 

and the number of days he was idle. 

5* 
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If the two numbers were known, and the first multiplied 
by 24, and the second'by 12, the difference of these pro- 
ducts would be 504. Let us indicate these operations by 
means of algebraic signs. 

Let x = the number of working days 

48 — x = the number of idle days 
Then 24 X x = the amount earned 
and 12(48 — x) = the amount paid for board. 
Then, 24a; - 12(48 - a:) = 504 
what was received, which is the statement. 
Then to find x we first multiply by 12, which gives 

24z - 576 + 12a; = 504. 
or, 36* = 504 + 576 = 1080, 

and x = = 30 the number of working days : 

36 

whence, 48 — 30 = 18 the number of idle days'. 

Verification. 

Thirty days' labor, at 24 cents 
a day, amounts to 30 X 24 = 720 cents. 

And 18 day's board, at 12 cents 
a day, amounts to 18 X 12 = 216 cents. 

The difference is the amount received 504 cents. 

General Solution. 

This problem may be made general, by denoting the 
whole number of working and idle days by n. 
The amount received for each day's work by a. 
The amount paid for board, for each idle day, by b. 
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And the balance due the laborer, or the result of the 
account, by c. 

As before, let the number of working days be denoted 
by x. 

The number of idle days will then be expressed by n—x. 

Hence, what is earned will be expressed by ax. 

And the sum to be deducted, on account ,of board, by 
b(n — a;). 

The statement of the problem, therefore, is 

ax — b(n — x) — c. 
To find x, we first multiply by 6, which gives 

ax — bn + bx = c, 
or, (a + b)x = c + bn, 

whence, x = = number of working days. 

, , c + bn an + bn — c — bn 

and consequently, n — x = n — -=— = — = , 

^ J a + b a + b 

-)T, n — x = r- = number of idle days. 

a + b 

Let us now suppose n =48, a = 24, b = 12, and c •= 504. 
These numbers will give for x the same value as before 
found. 

9. A person dying leaves half of his property to his wife, 
one-sixth to each of two daughters, one-twelfth to a servant, 
and the remaining $60.0 to the poor: what was the amount 
of his property ? 
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Denote the amount of the property by x. 
Then ± = what he left to his wife, 



2 
a; 
6 



what he left to one daughter, 



and — = — what he left to both daughters , 

6 3 

also — = what he left to his servant. 

and $600 what he left to the poor. 

Then, by the conditions 

. — | 1 1- 600 = x the amount of the property, 

which gives x = $7200. 

10. A and B play together at cards. A sits down with 
$84 and B with $48. Each loses and wins in turn, when 
it appears that A has five times as much as B. How much 
did A win ] 

Let x represent what A won. 
Then, A rose with $84 + x dollars, 

and B rose with $48 — x dollars. 

But by the conditions, we have , 

84 + x = 5(48 —x), 
hence, 84 + x = 240 — 5x ; 

and,' 6z,= 156, 

consequently, . x = $26 what A won. 

Verification. 

84 + 26 = 110; 48-26 = 22; 
110 = 5(22) = 110. 
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11. A can do a piece of work alone in 10 days, B in 13 
days ; in what time can they do it, if they work together? 

Denote the time by a;, and the work by 1. Then, in 

1 day, A can do — of the work, and 

B can do — of the work ; and in 

lo 

X 

x days, A can do — of the work, and 

B can do — of the work ; 
lo 

hence, by the conditions 

-^- + -^ = 1, which gives 13a; + 10a; = 130 : 
lu lo 

130 
hence, 23a; = 130, x == -^— = 5^f days. 

12. A fox, pursued by a greyhound, has a start of 60 
leaps. He makes 9 leaps while the greyhound makes but 
6; but, 3 leaps of the greyhound are equivalent to 7 of the 
fox. How many leaps must the greyhound make to over- 
take the fox 1 

From the enunciation, it is evident that the distance to 
be passed over by the greyhound is composed of the 60 
leaps which the fox is in advance, plus the distance that the 
fox passes over from the moment when the greyhound starts 
in pursuit of him. Hence, if we can find the expressions 
for these two distances, it will be easy to state the problem. 

Let x = the number of leaps made by the greyhound 
before he overtakes the fox. 

Now, since the fox makes 9 leaps while the greyhound 

9 3 

makes but 6, the fox will make — or -jj- leaps while 
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the greyhound makes 1 ; and, therefore, while the greyhound 

Sx . 
makes x leaps, the fox will make — leaps. 

Hence, the distance which the greyhound must pass ove; 

3x 

will be expressed by 60 + — leaps of the fox. 

It might be supposed, that the equation might be obtained 

3 , . , . 

by merely placing x equal to 60 + — x ; but in doing so, a 

manifest error would be committed ; for the leaps of the grey- 
hound are greater than those of the fox, and we should then 
equate numbers of different denominations ; that is, num- 
bers having different units. Hence, it is necessary to ex- 
press the leaps of the fox in terms of those of the grey- 
hound, or reciprocally. Now, according to the enunciation 
3 leaps of the greyhound are equivalent to 7 leaps of thf 

7 
fox ; then, 1 leap of the greyhound is equivalent to — leaps 

o 

of the fox ; and consequently, x leaps of the greyhound are 

lx 
equivalent to — of the fox's leaps. 
o 

Hence, we have the equation 

if= 60+ ir- 

Making the denominators disappear 

14x = 360 + 9a;, 
whence, 5x = 360 and x = 72 : 

Therefore, the greyhound will make 72 leaps before over 
taking the fox, and during this time, the fox will make 

g 
72 X -jj- or 108 leaps. . 
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Verification. 

The 72 leaps of the greyhound are equivalent to 

72 X 7 

— - — = 168 leaps of the fox, 

o 

and 60 + 108 = 168, 

the leaps which the fox made from the beginning. 

13. A. father leaves his property, amounting to $2520, to 
four sons, A, B, C, and I>. C is to have $360, B as much 
as C and D together, and A twice as much as B less $1000- 
how much do A, B, and D receive ? 

Ans. A, $760, B, $880, D, $520 

14. An estate of $7500 is to be divided between a widow 
two sons, and three daughters, so that each son shall receive 
twice as much as each daughter, and the widow herself $500 
more than all the children : what was her share, and what 
the share of each child? 

( Widow's share, $4000. 

Ans. \ Each son's, $1000. 

( Each daughter's, $ 500. 

15. A company of 180 persons consists of men, women, 
and children. The men are 8 more in number than the 
women, and the children 20 more than the men and women 
together : how many of each sort in the company ? 

Ans. 44 men, 36 women, 100 children. 

16. A father divides $2000 among five sons, so that each 
elder should receive $40 more than his next younger bro- 
ther : what is the share of the youngesj 1 Ans. $320. 

17. A purse of $2850 is to be divided among three per- 
sons, A, B, and C. A's share is to be to B's as 6 to 11 
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and C is to have $300 more than A and B together : what 
is each one's share ? Ans. A's $450, B's $825, C's $1 575. 

1 8. Two pedestrians start from the same point ; the first 
steps, twice as far as the second, but the second makes 5 
steps while the first makes but one. At the end of a cer- 
tain time they are 300 feet apart. Now, allowing each of 
the longer paces to be 3 feet, how for will each have trav- 
eled? " Ans. 1st, 200 feet; 2d, 500. 

19. Two carpenters; 24 journeymen, and 8 apprentices, 
received at the end of a certain time $144. The carpen- 
ters received $1 per day, each journeyman, half a dollar, 
and each apprentice 25 cents : how many days were they 
employed ? Ans. 9 days. 

20. A capitalist receives a yearly income of $2940 :■ four- 
fifths of his money bears an interest of 4 per cent, and the 
remainder of 5 per cent : how much has he at interest 1 

Ans. 70000. 

21. A cistern containing 60 gallons of water has three 
unequal cocks for discharging it ; the largest will empty it 
in one hour, the second in two hours, and the third in three : 
iu what time will the cistern be emptied if they all run 
together ? Ans. 32 r 8 j min. 

22. In a certain orchard, one-half are apple trees, one- 
fourth peach trees, one-sixth plum trees ; there are also, 120 
cherry trees, and 80 pear trees : how many trees in the 
orchard ? Ans. 2400. 

23. A farmer being asked how many sheep he had, an- 
swered, that he had them in five fields ; in the 1st he had A, 
in the 2d, |, in-the 3d, £, and in the 4th, ^, and in the 5th, 
450 : how many had he ? Ans. 1200. 

24. My horse and saddle together are worth $132, and 
the horse is worth ten times as much as the saddle : what 
is the value of the horse? Ans. 120. 
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25. The rent of an estate is this year 8 per cent greater 
than it was last. This year it is $1890 : what was it last 
year? Ans. $1750. 

26. What number is that from which, if 5 be subtracted, 
|- of the remainder will be 40 ? Aim. 65. 

27. A post is \ in the mud, \ in the water, and 10 feet 
vbove the "water: what is the whole length of the post? 

Ans. 24 feet. 

28. After paying \ and { of my money, 1 had 66 guineas 
left in my purse : how many guineas were in it at first ? 

Ans. 120. 

29. A person was desirous of giving 3 pence apiece to 
some beggars, but found he had not money enough in his 
pocket by 8 pence ; he therefore gave them each 2 pence 
and had 3 pence remaining : required the number of beg- 
gars. Ans. 11. 

30. A person, in play, lost \ of his money, and then won 
3 shillings ; after which he lost \ of what he then had ; and 
this done, found that he had but 12 shillings remaining : 
what had he at first ? Ans. 20s. 

31. Two persons, A and B, lay out equal sums of money 
in trade ; A gains $126, and B loses $87, and A's money 
is now double of B's : what did each lay out ? Ans. $300. 

32. A person goes to a tavern with a certain sum of 
money in his pocket, where he spends 2 shillings : he then 
borrows as much money as he had left, and going to another 
tavern, he there spends 2 shillings also ; then borrowing 
again as much money as was left, he went to a third tavern, 
where likewise he spent 2 shillings and borrowed as much 
as he had left ; and again spending 2 shillings at a fourth 
tavern, he then had nothing remaining. What had he at 
first ? Ans. 3s. M. 

6 
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Of Equations of the First Degree involving two ov more 
unknown quantities. 

72. Several of the problems already discussed have 
apparently involved more than one unknown quantity ; yet 
we have been able to solve them all by the aid of a single 
unknown symbol. In these cases, the required parts of the 
problem have been so connected that we have been able to 
express the relations between them by means of a single 
equation. We come now to those problems, in the solution 
of which, we employ more than one unknown quantity. 

Let us first examine, some of 'those problems which we 
have already solved by the aid of but a single unknown 
symbol. 

1. Given the sum of two numbers equal to 36, and their 
difference equal to 12, to find the numbers. 

Let x =z the greater, and y — the less number. 
Then, from the 1st condition . . . . x + y = 36, 
and from the second, x — y = 12. 

By adding (Art. 65, Ax. 1), .... 2 a; — 48. 

By subtracting (Art. 65, Ax. 2), . . . 2 y = 24. 

Each of these equations contains but one unknown quan. 
tity. 

48 
From the first, we obtain x = — = 24. 

24 
And from the second, y — — =12. 

Verification. 

x + y = 3G gives 24 + 12 = 36, 
x - y = 12 " 94 - 12 = 12. 
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General Solution. 

Let x = the greater, and y the less number. 

Then by the conditions x + y = a, 

and x — y = b. 

By adding, (Art. 65, Ax. 1), 2x = a + b. 

By subtracting, (Art. 65, Ax. 2), . . . . 2y = a — b. 

Each of these equations contains but one unknown quantity. 

_ , , a + b 

s! rom the first, we obtain x = — - — • 

And from the second, y = — - — . 

Verification. 

+ 6 a — b 2a , a + J a — b 26 , 

= — = a ; and • ■ = — = o. 

2^2- 2 ' 2 2 2 

For a second example, let us also take a problem that 
has been already solved. 

2. A person engaged a workman for 48 days. For each 
day that he labored he was to receive 24 cents, and for each 
day that he was idle he was to pay 12 cenjs for his board. 
At the end of the 48 days the account was settled, when the 
laborer received 504 cents. Eequired the number of work 
iog days, and the number of days he was idle. 
Let x = the number of working days, 

« y = the number of idle days. 

Then 24a; = what he earned, 

and 12y = what he paid for his board. 

Then, by the conditions of the question, we have 

x + y = 48, 
and 24* — 12y = 504. 

This is the statement of the problem. 
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It has already been shown (Art. 65, Ax. 3), that the two 
members of an equation can be multiplied by the same 
number, without destroying the equality. Let, then, the 
first equation be multiplied by 24, the co-efficient of a: in 
the second : we shall then have 

24a; -f 24y = 1152, 
24z-12y= 504, 

And by subtracting, 36y = 648, 

648 1H 
and V = -gg- = 1H. 

Substituting this value of y in the equation 

24a: — \2y = 504, we have 24a — 216 = 504, 

which giv«s 

72*0 
24z = 504 + 216 = 720, and x = — - = 30. 

24 

Verification. 

x+ y = 48 gives 30 + 18 = 48, 

24a; — 12y = 504 gives 24 X 30 — 12 X 18 = 504. 

Elimination. 

» 

73. The process of combining two or more equations, in- 
volving two or more unknown quantities, and deducing there- 
from a single equation involving but one, is called elimina- 
tion. 

73. What is elimination ? How many methods of elimination are 
there ? Give the rule for elimination by addition and subtraction. What 
is the first 6tep ? What the second ? What the .third ? 
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There are three principal methods of elimination : 

1st. By addition and subtraction. 

2d. By substitution. 

3d. By comparison. 
We will consider these methods separately. 

Elimination by Addition and Subtraction. 

1. Take the tw» equations 

3s - 2y = 7 
8x + 2y = 48. 

If we add these two equations, member to member, we 
obtain 

lis = 55: 

which gives by dividing by 1 1 

x = 5 : 

and substituting this value in either of the given equations, 
we find 

y = 4. 

2jL Again, take the equations 

8x + 2y = 48 
3x + 2y = 23. 

If we subtract the 2d equation from the first, we obtain 

5x = 25, 
which gives, by dividing by 5, 

x = 5 : 
and by substituting this value, we find 

y = 4. 
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3. Take the two equations 

5x + ly = 43. 
11a; + 9y = 09. 
If, in these equations, one of the unknown quantities was 
affected with the same co-efficient, we might, by a simple 
subtraction, form a new equation which would contain but 
one unknown quantity. 

Now, if both members o'f the first equation be multiplied 
by 9, the co-efficient of y in the second, and the two mem- 
bers of the second by 7, the co-efficient of y in the first, we 
will obtain 

45z + 63y =.387, 
77a; + 63y = 483. 

Subtracting, then, the first of these equations from the 
second, there results 

32* = 96, whence z = 3. 

Again, if we multiply both members, of the first equation 
by 11, the co-efficient of x in the second, and both members 
of the second by 5, the co-efficient of x in the first, we shall 
form the two equations 

55a; + 77y = 473, 

55a; + 45y = 345. * 

Subtracting, then, the second of these two equations from 
the first, there results 

32y = 128, whence y = 4. 
Therefore x = 3 and y = 4, are the values of x and y. 

Verification. 

5a; + 7y = 43 gives 5 X 3 + 7 X 4 = 15 -f- 28 = 43 ; 
11* + 05 = 69' " 11x3 + 9x4 = 33 + 36 = 69. 
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The method of elimination just explained, is called the 
method by addition and subtraction. 

To eliminate by this method we have thefollowing 

RULE. 

I. See which of the unknown quantities you will eliminate. 

II. Make the co-efficienls of this unknown quantity equal in 
the two equations, either by multiplication or division. 

III. If the signs of the like terms are the same in both 
equations, subtract one equation from the other ; but if the 
signs are unlike, add them. 

EXAMPLES. 

4. Find the values of x and y in the equations 

3a; - y = 3, 
y + 2x = 7. 

Ans. x = 2, y = 8. 

5. Fi.nd the values of x and y in the equations 

4a; - ly =r - 22, 
5x + 2y- 37. 

Ans. x = 5, y = 6. 

6. Find the values of x and y in the equations 

2x + 6y = 42, 
8z—6y= 3. 

Ans. x = 4£, y = 5£. 

7. Find the values of x and y in the equations 

8x — 9y = 1, 
Gx — 3y = Ax. 

Ans. x = £, y = £. 
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8. Find the values of x and y in the equations 

14* - 15y = 12, 
7a; 4- By = 37. 

Ans. x = 3, y — 2. 

9. Find the values of x and y in the equations 

1 . l ft 

-* + J y = G, 

1 . ! fti 

_4ns. * = 6, y = 9. 

10. Find the values of a; and y in the equations 

1 . l A 

x — y= —2. 

Ans. x = 14, y = 16. 

11. Says A to B, you give me $40 of your money, and 
I shall then have 5 times as much as you will have left. 
Now they both had $120 : how much had each 1 

Ans. Each had $60. 

12. A father says to his son, "twenty years ago, my age 
was four times yours ; now it is just double :" what were 
their ages 1 . j Father's, 60 years. 

' ( Son's, 30 years. 

13. A father divides his property between his two sons. 
At the end of the first year the elder had spent one-quarter 
of his, and the younger had made $1000, and their property 
was then equal. After this the elder spends $500 and the 
younger makes $2000, when it appears the younger has just 
double the elder : what had each from the father ? 

Ans i E,der ' $400 °- 
^ ns - \ Younger, $2000. 
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14. If John give Charles 15 apples, they will havi. the 
same number; but if Charles give 15 to John, John will 
have 15 times as many, wanting 10, as Charles will have 
left. How many had each 1 , ( John 50. 

1 Charles 20. 

15. Two clerks, A and B, have salaries which are together, 
equal to $900. A spends ^ per year of what he receives, 
and B adds as much to his as A spends. At the end of the 
year they have equal sums : what was the salary of each 1 

, ( A's = 500. 
^•lB' S =400 



Elimination by Substitution. 

74. Let us again take the equations 

5x + 7y = 43, , 
1 11a + 8*/ = 69. 

Find the value of a: in the first equation, which gives 

43 - 1y 

x = -• 

5 

Substitute this value of x in the second equation, and we 
have 





11 X g-^ + 92/ = 69, 


or, 


473 - "Tly + 45y = 345, 


or, 


- 32y = - 128. 


Hence, 


y = 4, 


and, 


43-28 

*= 5 - 3 - 




6 
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This method is called the method by substitution: we 
have fer the process the following 

KULB. 

Find the value of one of the unknown quantities from 
either of the equations ; then substitute this value in the other 
equation : there will thus arise a new equation with but one 
unknown quantity. 

Remark. — This method of elimination is used to great 
advantage when the co-efficient of either of the unknown 
quantities is unity. 

EXAMPLES. 

1. Find, by the 1 last method, the values of x and y in the 
equations 

Sx — y = 1 and 3y — 2x = 4. 

Ans. x = 1, y = 2. 

2. Find the values of x and y in the equations 

hy — Ax = — 22 and 3y + 4x = 38. 

Ans. x = 8, y = 2. 

*. Find the values of x and y in the equations 
^x + 8y = 18 and y — Sx = — 29. 

Ans. x = 10, y = 1. 

4. Find the values of x and y in the equations 

2 

5x — y = 13 and 8x + — y — 29. 
y 

Ans. x = 3£, y = 4$. 

7 Give the rule for elimination by substitution ! When is it desira- 
ble to use this method ? 
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5. Find the values of x and y, from the equations 

10* - ^- = 69 and lOy - |-= 49. 

Ans. x = 7, y = 5. 

6. Find the values of x and y, from the equations 

*+1r-i = 10 and i+ro= 2 - 

Ans. x = 8, y — 10. 

7. Find the values of x and y, from the equations 

f--f +5=2, * + | = 17f 

,4»s. x = 15, y = 14. 

8. Find the values of x and y, from the equations 

! + £ + 3 = 6*, and f-^-I. < 

,4«s. a; = 3}, y = 4. 

9. Find the values of a; and y, from the equations 

V x > a; w 

— r- 6 = 5, and — = 0. 

8 4 T ' 12 16 

Ans. x = 12, y = 10. 

10. Find the values of x and y, from the equations 

f-|-l = _9, and 5,-| = 29. 

Ans. x = 6, y =. 7. 

11. Two misers, A and B, sit down to count over their 
money. They both have $20000, and B has three times as 
much as A : how much has each ? 

, f A . . $5000. 
AnS -\B.. $15000. 
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12. A person has two purses. If he puts $7 into the first 
purse, it is worth three times as much as the second : but if 
he puts $7 into the second, it becomes worth five times as 
much as the first : what is the value of each purse ? 

Ans. 1st, $2 : 2d, $3. 

13. Two numbers have the following properties : if the 
first be multiplied by 6, the product will be equal to the 
second multiplied by 5 ; and one subtracted from the first 
leaves the same remainder as 2 subtracted from the second : 
what are the numbers ? Ans. 5 and 6. 

14. Find two numbers with the following properties : the 
first increased by 2 to be 3± time? as great as the second : 
and the second increased by 4 gives a number equal to half 
the first : what are the numbers ? Ans. 24 and 8. 

15. A father says to his son, " twelve years ago, I was 
twice as old as you are now : four times your ag£ at that 
time, plus twelve years, will express my age twelve years 
hence :" what were their ages % . ( Father, 72 years. 

jSMfc | Son, 30 " 

Elimination by Comparison. 

75. Take the same equations 

bx +. 7y = 43, 
\\x + Qy = 69.. 

Finding the value of x from the first equation, we have 

43 -7y 

x = -. 

5 

and finding the value of x from the second, we obtain 

69 — 9« 

*=-Ti— 
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Let these two values of a; be placed equal to each other, 
and w e have 

43 — 7y 69 — 9y 







5 11 


Or, 


473 


- 77y = 345 - 45y ; 


or, 




- 32y = - 128. 


Hence, 




y = 4. 


And, 




69 - 36. „ 
x = — -- — = 3. 



This method of elimination is called the method by com- 
parison, for which we have the following 

BULB. 

I. Find the value of the same unknown quantity from each 
equation. . 

II. Place these values equal to each other ; and a new equa- 
tion will arise involving but one unktown quantity. 

EXAMPLES. 

1. Find, by the last rule, the values of x and y, from the 
equations 



3x + -|+6 = 42 and y- — = 14| 



|+6 = 42 and y -±. 

Ans. x = 11, y = 15. 

75. Oive the rule for elimination by comparison I What is the first 
step ! Whit the second f 
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2. Find the values, of x and y, from the equations 

f-f + .-. -a £ + *-£ + «• 

^tw*. a; = 28, y = 20. 

3. Find the values of a; and y, from the equations 

JL_± + 2 J? = l and 3y-a: = 6. 
10 4 8 * 

Ans. x = 9, y = 5. 

4. Find the values of x and y, from the equations 

y _3=i*4-5 and X -±l = y-2\. 

Ans. x = 2, y — 9. 

5. Find the values of a; and y, from the equations 

1 y ~¥ L+ i =y ~ 2 and | + f= a; - 13 - 

jlns. a; = 16, y = 7. 

6. Find the values of x and y, from the equations 

y + x . y — x 2v 

*-Z- + £-__ :=a ._.jj[, and z + y = 16. 

-4ras. a; = 10, y = 6., 

7. Find the values of x and y, from the equations 

2a; — 3y _, « _ 1 

-4ms. a; = 1, y = 3 

8. Find the values of x and y, from the equations 

2y + 3a : = y + 43 ) y_^=i = y _iL. 

.4ns. a; = ] 0, y 3 13. 
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9. Find the values of x and y, from the equations 

4 y — Z 7 y = ar + 18, and 27 — y = a; + y + 4. 

.4ns. ar = 9, y = 7. 
10. Find the values of a: and y, from the equations 



^i + 4 = f -l* $-.-! 



.4»s. a; = 10, y = 20. 

76. Having explained the principal methods of elimina- 
tion, we shall add a few examples which may be solved by 
any one of them ; and often indeed, it may be advantageous 
to employ them all even in the same problem. 

GENERAL EXAMPLES. 

1. Given 2x + By = 16, and 3x — 2y = 11, to find the 
values of x and.y. Ans. x = 5, y = 2. 

2a; , 3y 9 , 3x , 2y 61 

T + T = 20 and T + T = l20' 

the values of % and y. Ans. x = — > y = -— . 

3. Given -^ + ly = 99, and %- + tx = 51, to find the 
values of x and y. ,4ns. a; = 7, y = 14. 

4. Given 

t. Snd the values of x and y., Ans. x = 60, y =^ 40. 
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QUESTIONS. 

1. What fraction is that, to the numerator of which if ) 
be added, the value will be j, but if one be added to its 

1 2 

denominator, the value will be — • 



x 
Let the fraction be represented by — 

Then by the conditions 

x+\ 1 , x 1 

— ■ — = -771 and, r- = —r • 

y 3' ' y+1 4 

Whence, Sx + 3 = y, and, 4a; =x y + 1. 

Therefore, by subtracting, 

x — 3 = 1 and x = 4. 

Hence, 12 + 3 ■ = y ; 

therefore, y = 15. 

2. A market-woman bought a certain number of eggs at 
2 for a penny, and as many others, at 3 for a penny ; and 
having sold them altogether, at the rate of 5 for 2d, found 
that she had lost 4<f : how many of both kinds did she buy ] 

Let 2x = the whole number of eggs. 

Then x = the number of eggs of each sort. 

Then will ^- x = the cost of the first sort, 

lit 

and -=- x = the cost of the second sort. 

o 

Ax 
But by the conditions of the question 5 : 2* : : 2 : — , 

the amount for which the eggs were sold. 
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Hence, by the conditions 

11 4x ,, 

2^3 5 

Therefore, 15a; + 10a; — 24a; = 120 

or x = 120 ; 

the number of eggs of each sort. 

3. A person possessed a capital of 30,000 dollars, for 
•which he drew a certain interest ; but he owed the sum of 
20,-000 dollars, for which he paid a' certain interest. The 
interest that he received exceeded that which he paid by 
800 dollars. Another person possessed 35,000 dollars, for 
which he received interest at the second of the above rates ; 
but he owed 24,000 dollars, for which he paid interest at 
the first of the above rates. The interest that he received 
exceeded that which he paid by 310 dollars. Required the 
two rates of interest. 

Let x and y denote the two rates of interest ; that is, the 
interest of $100 for the given time. 

To obtain the interest of $30,000 at the first rate, denoted 
by x, we form the proportion 

100 : x ■:■. 30,000 : ^^ or 300*. ' 

And for the interest $20,000, the rate being y, 

100 : y :: 20,000 : ^'^ or 200y. 

But by the conditions, the difference between these two 
amounts is equal to 800 dollars. 

We have, then, for the first equation of the problem ' 

300* - 20Qy = 800. 
6* 



130 ELEMENTABY ALGEBRA. 

By expressing algebraically, the second condition of the 
problem, we obtain the other equation, 

350y - 240a; = 310. 

Both members of the first equation being divisible by 
100, and those of the second by 10, we have 

3a; - 2y = 8, 35y — 24a: = 31. 

To eliminate as, multiply the first equation by 8, and then 
add the result to the second : there results 

19y = 95, whence y = 5. 

Substituting for y, in the first equation, this value, and 
that equation becomes 

3a; — 10 = 8, whence x = 6. 

Therefore, the first rate is 6 per cent, and the second 5. 

Verification. 

$30,000, placed at 6 per cent, gives 300 X 6 = $1800. 
$20,000, " 5 " " 200 X 5 = $1000. 

And we have 1800 — 1000 = 800. 

The second condition can be verified in the same manner. 

4. What two numbers are those, whose difference is 7, 
and sum 33 ? Am. 13 and 20. 

5. To divide the number 75 into two such parts, that 
three times the greater may exceed seven times the less by 
15. Am. 54 and.21. 

6. In a mixture of wine and cider, \ of the whole plus 
25'gallons was wine, and \ part minus 5 gallons was cider : 
h;vw many gallons were there of each ? 

Ans. 85 of wine, and 35 of cider, 
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7. A bill of £120 was paid in guineas and moidores, and 
the number of pieces used, of both sorts, was just 100. If 
the guinea be estimated at 21s, and the moidore at 27s, how 
many pieces were there of each sort ? Ans. 50 of each. 

8. Two travellers set out at the same time from London 
and York, whose distance apart is 150 miles. One of them 
goes 8 miles a day, and the other 7 : in what time will they 
meet 1 ? Ans. In 10 days. 

0. At a certain election, 375 persons voted for two candi- 
dates, and the candidate chosen had a majority of 91 : how 
many voted for each ] 

Ans. 233 for one, and 142 for the other. 

10. A person has two horses, and a saddle worth £50. 
Now, if the saddle be put on the back of the first horse, it 
will make his value double that of the second ; but if it be 
put on the back of the second, it will make his value triple 
that of the first. What is the value of each horse ? 

Ans. One £30, and the other £40. 

11. The hour and minute hands of a clock are exactly 
together at 12 o'clock: when will they be again together? 

Ans. \h. 5-j 5 r m. 

12. A man and his wife usually drank out a cask of beer 
in 12 days; but when the man was from home, it lasted 
the woman 30 days : how many days would the man alone 
be in drinking it 1 Ans. 20 days. 

13. If 32 pounds of sea-water contain 1 pound of salt, 
how much fresh water must be added to these 32 pounds, 
in order that the quantity of salt contained in 32 pounds of 
the new mixture shall be reduced to 2 ounces, or \ of a 
pound % Ans. 2241b. 

14. A person who possessed 100,000 dollars, placed the 
greater part of it out at 5 per cent interest, and the other 



each receive ? A (1st, 6500. 

A-ns. i nJ 500() _ 
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at 4 per cent. The interest which he received for the whole 
amounted to 4640 dollars. Required the two parts. 

Ans. 64,000 and 36,000. 
15.. At the close of an election, the successful candidate 
had a majority of 1500 votes. Had a fourth of the vo;tes 
of the unsuccessful candidate been also given to him, he 
would have received three times as many as his competitor, 
wanting three thousand five hundred : how many votes did 

J lst > 
} 2d, 

15. A gentleman bought a gold and a silver watch, and 
a chain worth $25. When he put the chain on the gold 
watch, it and the chain became worth three and a half times 
more than the silver watch ; but when he put the ehain on 
the silver watch, they became' worth one-half the gold watch 
and 15 dollars over : what was the value of each watch 1 

, j -Gold watch, $80. 
^ ns - } Silver " $30. 

17. There is a certain number expressed by two figures, 
which figures are called digits. The sum of the digits is 
IT, and if 13 be added to the first digit the sum will be three 
times the second : what is the number 1 Ans. 56. 

18. From a company of ladies and gentlemen 15 ladies 
retire ; there are then left two gentlemen to each lady. 
After which, 45 gentlemen depart, when there are left 5 
ladies to each gentleman : how many were there of each at 
first 1 . ( 50 gentlemen. 

( 40 ladies. 

19. A person wishes to dispose of his horse by lottery. 
If he sells the tickets at $2- each, he will lose $30 on his 
horse ; but if he sells them at $3 each, he will receive $30 
more than his horse cost him. What is the value of the 
horse and number of tickets 1 . (Horse, $150 

■ Am - 1 No. of tickets, 60. 
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20. A person purchases a lot of wheat at $1, and a lot of 
rye at 75 cents per bushel, the whole costing him $117,50. 
He then sells \ of his wheat and | of his rye at the same 
rate, and realizes $27,50. How much did he buy of each 1 

. j 80 bush, of wheat. 



«•{ 



50 bus h. of rye. 



Equations involving three or more unknown quantities. 

77. Let us now consider equations involving three or 
more unknown quantities. 
Take the equations 

bx — 6y + 4z = 15, 
7x + 4y - 32 = 19; 
2* + y + 6s = 46. 

To eliminate z by means of the first two equations, mul- 
tiply the first by 3 and the second by 4 ; then, since the 
co-efficients of z have contrary signs, add the two results 
together, This gives a new equation : 

43z — 2jr = 121. 

Multiplying the- second equation by 2, (a factor of the 
oo-efficient of z in the third equation,) and adding the result 
with the third equation, we have 

16a;+%=84. 

The question is then reduced to finding the values of x 
and y, which will satisfy these new equations. 

Now, if the first be multiplied by 9, the second by 2, and 
the results added together, we find 

419a; — 1257, whence x = 3. 
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We might, by means of the two equations involving x 
and y, determine y in the same way that we have deter- 
mined x ; but the value of y may be determined more 
simply, by observing, that the last of these two equations . 
becomes, by substituting for x its value found above, 

84-48 
48 + 9y = 84, whence y= » =4. 

In the same manner, the first of the three proposed equa 
tions becomes, by substituting the values of x and y, 

24 
15 — 24 + 4« — 15, whence s — ■— = 6. 

4 

Hence, to solve equations containing three or more un- 
known quantities, we have the following 

RULE. 

I. Eliminate one of the unknown quantities by combining 
any one of the equations with each of the others ; there will 
thus be obtained a series of new equations containing one less 
unknown quantity, 

II. Eliminate another unknown quantity by combining one 
of these new equations with each of the others. 

III. Continue this series of operations until a single equa 
lion containing but. one unknown quantity is obtained, from 
which the value of this unknown quantity is easily found. 
Then, by going back thiough the series of equations that have 

-been obtained, the values of the other unknown quantities may 
be successively determined. 



77. Give the general rule for solving equations involving three or 
more unknown quantities ? What is the first step ! What the second ? 
What the third ? 
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78. Remark. — It often happens that each of the proposed 
equations does not contain all the unknown quantities. In 
this case, with a little address, the elimination is very 
quickly performed. 

Take the four equations involving four unknown quanti- 
ties : 

(1.) 2x-3y + 2e = 13. (3.) 4y + 2« = 14. 

(2.) 4m - 2a; = 30. (4.) 5y + 3u = 32. 

By inspecting these equations, we see that the elimination 
of z in the two equations, (1) and (3), will give an equation 
involving x and y ; and if we eliminate u in the equations 
(2) and (4), we shall obtain a second equation, involving x 
and y. These last two unknown quantities may therefore 
be easily determined. In the first place, the elimination of 
s from (1) and (3), gives 

7y - 2x = 1 ; 
That of w from (2) and (4), gives 
20y + 6x = 38. 
Multiplying the first of these equations by 3, and adding, 

41y = 41 ; 
Whence y = 1. 

Substituting 'his value in 1y — 2x = 1 , we find 

x = 3. 
Substituting for r h& value in equation (2), it becomes 

4k, — G r= SO : 
Whence «* -- 0. 

A.nd substituting fci y .its. vaUu r> aj»»at"w (3}, there 
results 

a = 5. 



(36 
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1. Given 



EXAMPLES. 

• x + . y + e = 29 " 
x + 2y + 3z = 62 

i.a;_| y -f —2 = 10 



- to find a;, y and z. 



Ans. x = 8, y = 9, z = 12. 



r 2a; + 4y - 32 = 22 T 
2. Given J 4a; — 2y + 5z = 18 V to find a;, y and z. 
[ dx + 7y - = 63 J 

Jijis. * = 3, y = 7, z = 4. 



, '.) , „ .; <( i. a; + i-y + _ z = 15 }• to find "a;, y and z. 



a; = 12, y — 20, z = 30. 

4. Divide the number 90 into four such parts that the 
first increased by 2, the second diminished by 2, the third 
multiplied by 2, and the fourth divided by 2, shall be equal 
each to each. ."•■ 

This problem may be easily solved by introducing a new 
uuknown quantity. 

Let x, y, z, and u, be the required parts, and designate by 
m the several equal quantities which arise" from the condi- 
tions. We shall then have 



x + 2 = to, y — 2 = to, 2z = to, — = to. 
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From which we find, 

x — m— 2, y = m + 2, « = -—, u = 2m. 
And by adding the equations, 

x + y + s + u = m + m + — + 2m = 4-J-m. . 

And since, by the conditions of the problem, the first 
member is equal to 90, we have 

4£m = 90 or, fw-= 90 ; 

hence, m = 20. 

Having the value of m, we easily find the other values ; 
viz. , 

* = 18, y = 22, e = 10, u — 40. 

5. There are three ingots composed of different metals 
mixed together. A pound of the first contains 7 ounces of 
silver, 3 ounces of copper, and 6 of pewter. A pound of 
the second contains 12 ounces of silver, 3 ounces of copper, 
and 1 of pewter. A pound of the third contains 4 ounces 
of silver, 7 ounces of copper, and 5 of pewter. It is re- 
quired to find how much it will take of eacn of the three 
ingots to form a fourth, which shall contain in a pound, 8 
ounces of silver, 3f of copper, and 4J of pewter. 

Let x, y, arid z represent the number of ounces which it 

is necessary to take from the three ingots respectively, in- 

order to form a pound of the required ingot. Since there 

are 7 ounces of silver in a pound, or 16 ounces, of the first 

ingot, it follows that one ounce of it contains T T ^ of an 

ounce of silve" 1 , and consequently in a number of ounces 

1x 
denoted by r r M>«re is — ounces of silver. la the same 

7 
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12v , 4s ,, 

manner we would find that -r^- and -5 , express the num- 

16 lb 

ber of ounces of silver taken from the second and third, to 

form the fourth ; but from the enunciation, one pound of 

this fourth ingot contains 8 ounces of silver. We have, 

then,-for the first equation, 

7s 12y 4s 

16 T 16 T 16 ' 

or, making the denominators disappear, 

tx + 12y + 4z = 128. 

As respects the copper, we should find 

3x + 3y + Iz = 60, 

and with reference to the pewter 

6x + y + 5z = 68. 

As the co-efficients of y in these three equations, are the 
most simple, it is convenient to eliminate this unknown 
quantity first. 

Multiplying the second equation by 4, and subtracting the 
first from it, member from member, we have 

5z+24z=112. 

Multiplying the third equation by 3, and subtracting the 
second from the resulting equation, we have 

15s + 8s = 144. . 

Multiplying this last equation by 3, and subtracting the 
preceding one from the resulting equation, -we obtain 

40x = 320, 

whence * = 8. 
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Substitute this value for x in the equation, 
15.r + 8g = 144 ; 
it becomes 120 + 8s = 144, 

whence z = 3. 

Lastly, the two values x = 8, s = 3, being substituted in 
the equation 

6x + y + 5z = 68, 
give 48 + y + 15 = 68, 

whence y = 5. 

Therefore, in order to form a pound of the fourth ingot, 
we must take 8 ounces of the first, 5 ounces of the second, 
and 3 of the third. 

Verification. 

If there be 7 ounces of silver in 16 ounces of the first 

ingot, in 8 ounces of it, there should be a' number of ounces 

of silver expressed by 

7X8 

16 

In like manner, 

12X5 , 4x3 

and 

16 16 

will express the quantity of silver contained in 5 ounces of 

the second ingot, and 3 ounces of the third. 

Now, we have 

7x8 12 X 5 4 x 3 _ 128 

16 + 16 + -16 ~ 1« ' • 

therefore, a pound of the fourth ingot contains 8 ounces of 

silver, as required by the enunciation. . The same conditions 

may be verified with respeot to the copper and pewter, 
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6. A's age is double B's, and B's is triple of C's, and the 
sum of all their ages is 140. What is the age of each ? 

Ans. A's = 84, B's = 42, and C's = 14. 

7. A person bought a chaise, horse, and harness, for £60 ; 
the horse came to twice the price of the harness, and the 
chaise to twice the price of the horse and harness. What 
did he give for each 1 ( £13 6s. 8c?. for the horse. 

Ans. -j £ 6 13s. 4c?. for the harness. 
( £40 for the chaise. 

8. To divide the number 36 into three such parts that J 
of the first, £ of the second, and \ of the third, may be all 
equal to each other. Ans. 8, 12, and" 16. 

9. If A and B together can do a piece of work in 8 days, 
A and C together in 9 days, and B and C in ten days ; how 
many days would it take each to perform the same work 
alone ? ' ' Ans. A 14f£, B 17ff , C 23/ v 

10. Three persons, A, B, and C, begin to play together, 
having among them all $600. At the end of the first game 
A has won one-half of B's money, which, added to his own, 
makes double the amount B had at first. In the second 
game, A loses and B wins just as much as C had at the 
beginning, when A leaves off with exactly what he had at 
first. How much had each at the beginning ? 

Ans. A $300, B $200, C $100. 

1 1 . Three persons, A, B, and C, together possess $3640. 
If B gives A $400 of his money, then A will have $320 
more than B ; but if B takes $140 of C's money, then B 
and C will have equal sums. How much has each 1 

Ans. A $800, B $1280, C $1560. 

12.' Three persons have a bill to pay, which neither 

alone is able to discharge. A says to B, " Give me the 

4th of your money, and then I can pay the bill." B says 

to C, " Give me the 8th of yours, and I can pay it. But 
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C says to A, " You must give me the half of yours before 
I can pay it, as I have but $8." What was the amount of 
their bill, and how much money had A and B ? 

( Amount of the bill, $13 
[ A had $10, and B $12. 

13. A person possessed a certain capital, which he placed 
out at a certain interest. Another person, who possessed 
10000 dollars more than the first; and who put out his capi- 
tal 1 per cent, more advantageously, had an income greater 
by 800 dollars. A third person, who possessed 15000 dol- 
lars more than the first, putting out his capital 2 per cent, 
more advantageously, had an income greater by 1500 dol- 
lars. Eequired the capitals of the three persons, and the 
rates of interest. 

( Sums at interest, $30000, $40000, 45000. 
I Eates of interest, 4 5 6 pr.ct. 

14. A widow receives an estate of $15000 from her de- 
ceased husband, with directions to divide it among two sons 
and three daughters, so that each son may receive twice as 
much as each daughter, and she herself to receive $1000 
more than all the children together. What was her share, 
and what the share of each child ? ^ 

f The widow's share, $8000. 

. Ana. \ Each son's, 2000. 

( Each daughter's, 1000. 

15. A certain sum of money is to be divided between 
three persons, A, B, and C. A is to receive $3000 less 
than half of it, B $1000 less than one-third jpart, and C to 
receive $800 more than the fourth part of the whole. What 
is the sum to be divided, and what does each receive ? 

■ Sum, $38400. 

. A receives 16200. 

~ v B " 11800. 

. C " 10400. 
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CHAPTER IV. 

Of Powers. 



79. If a quantity be multiplied any number of times by 
itself, the product is called a power of the quantity. Thus, 

a = a 1 is a root, or first power of a. 

a X « = a? is the square, or second power of a. 

a X a X a = a 3 is the cube, or third power of a. 

aXaXaXa = a i is the fourth power of a. 

aXaXaXaXa = a 5 is the fifth power of a. 

In every power there are three things to be considered : 

1st. The quantity which is multiplied by itself, and which 
is called the root, or the first power.' 

2d. The small figure which is placed at the right, and a 
little above the letter. This figure is called the exponent 
of the power, and shows how many times the letter enters 
as a factor. 

3d. The power itself, which is the final product, or result 
of the multiplications. 



79. If a quantity be continually multiplied by itself, what is the pro- 
duct called ? How many things are to be considered in every power ! 
What are thev 
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For example, if we suppose a = 3, we have 

i 
a= 3 the 1st power of 3. 

a 2 = 3 2 =3x3= 9 the 2d power of 3. 

a 3 = 3 3 = 3 X 3 X 3 = 27 the 3d power of 3. 

a* = 3 4 = 3 x3 x3x3= 81 the 4th power of 3. 

a 5 = 3 s = 3 X 3 X 3 X 3 X 3 = 243 the 5th power of 3. 

In these expressions, 3 is the root, 1, 2, 3, 4 and 5 are 
the exponents, and 3, 9, 27, 81 and 243 are the powers. 

To raise a monomial to any power. 

80. Let it be required to raise the monomial 2o 3 5 2 to 
the fourth power. We have 

(2a 3 6 2 )* = 2a?b 2 x 2a 3 5 2 X 2a 3 5 2 X 2a 3 5 2 , 

which merely expresses that the fourth power is equal to 
the product which arises from taking the quantity four 
times as a factor. By the rules for multiplication, this pro- 
duct is 

(2a 3 b 2 )* = 2 4 o , + 3 + 3 + 3 S 2 + 2 + 2 + 2 = 2 i a l2 b s ; 

from which we see, 

1st. That the co-efficient 2 must be raised to the 4th 
power ; and, 

2d. That the exponent of each letter must be multiplied 
by 4, the exponent of the power. 

As the same reasoning would apply to every example, 
we have, for the raising of monomials to any power, the 
following 
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BULE. 

1 1. Raise the co-efficient to the required power. 

IT. Multiply the exponent of each letter by the exponent cf 
the power. 

EXAMPLES. 

1. What is the square of 3aV? Ans. 9a Y 

2. What is the cube of 6a 6 y 2 x1 Ans. 216a 16 y 6 « : 

3. What is the fourth-power of 2a 3 y 3 b s % 

Ans. 16a 12 y 12 6 21 

4 What is the square of a 2 b 5 y 3 1 Ans. aWy 1 

5. What is the seventh power of a 2 bcd 3 1 

Ans.' a li b 1 c 1 d 2] 

6. What is the sixth power of a 2 b 3 c 2 dl Ans. a l2 b l V 2 d- ' 

7. What is the square and cube of — 2a 2 6 2 ? 

/ Square. Cube. 

— 2a 2 6 2 — 2a 2 6 2 

_ 2a 2 6 2 — 2a 2 6 2 

+ 4a*b\ + 4a 4 6* 

— 2a 2 b 2 

— 8aW. 



By observing the way in which the powers are formed, 
we may conclude, 

1st. When the root is positive, all the powers will be positive. 

2d. When the root is negative, all powers denoted by an 
even exponent will be positive, and all denoted by an odd ex- 
ponent will be negative. 

80i What is a monomial ! Give the rule for raising a monomial to any 
power. When the root is positive, how will the powers be ? When the 
root is negative, how will the powers be I 
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8. What is the square of — 2 a 4 6 5 ] Ans. 4a 8 i 10 

9. What is the cube of — 5a b y 2 c 1 Ans. — 125a 15 y 6 c 3 . 

10. What is the eighth power of — a 3 xy 2 ? 

Ans. + a 2i x B y 16 . 

11. What is the seventh power of — a 2 yx 2 1 

Ans. — a u y 7 a: 14 

12. What is the sixth power of 2ab 6 y s ? 

Ans. 64a 6 6 36 2/ 30 

13. What is the ninth power of — cdx 2 y 3 1 

Ans. — c*d 9 x w y 2 \ 

14. What is the sixth power of — 3ab 2 d 1 

Ans. 729a 6 6 12 d 6 . 

15. What is the square of — 10a 2 J 2 c 3 1 Ans. 100a 4 6 4 c s . 

16. What is the cube of — 9a e b 5 d 3 / 2 1 

Ans. — 739ffi 18 S 15 ^ 9 / 6 . 

17. What is the fourth power of — 4a 5 b 3 c*d 5 % 

Ans. 256a 20 & 12 c 16 d' 2 °. 

18. .What is the cube of — 4a 2 JW? 

Ans. — 64a 6 6W. 

19. What is the fifth power of 2a 3 b 2 xy 1 

Ans. S2a u b w x 5 y\ 

20. What is the square of 20x i y i c 5 ? Ans. 400zyc 10 . 

21. What is the fourth power of 3a 2 b 2 c 3 1 

Ans. 81a 8 6 8 c 12 . 

22. What is the fifth power of — c 2 d 3 x 2 y 2 1 

Ans. — c^d^x^y 10 . 

23. What is the sixth power of — ac 2 d/1 

•Ans. a 6 c l2 d 6 / 6 . 

24. What is the fourth power of — 2a?c 2 d 3 1 

Ans. 16a 8 A? 12 . 
7 
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To raise a polynomial to any power. 

81. A power of a polynomial, like that of a monomial, 
is obtained by multiplying > the quantity continually by 
itself. Thus, to find the fifth power of the binomial a + b, 
we have 

a + b 1st power. 

a + b 
a 2 -\- ab 

+ ab + b 2 

a 2 + 2ab + b 2 2d power. 

a + b 

a 3 + 2a 2 b + ab 2 

-f a?b+ 2ab 2 + b 3 
a 3 + Sa 2 b + 3ab 2 + b 3 . . . . 3d power. 
a + b 

a 4 +_ 3 a 3 6 _|_ 3 a 2fi2 + a J3 

+ a 3 b + 3« 2 & 2 + 3ab 3 + b* 
a i + 4 a sj + 6a 2 6 2 +• 4a6 3 + b* 4th power. 
a + b 
a f f 4a*6+ 6a 3 6 2 + 4a 2 * 3 + ai* 

+ a*fc + 4a 3 6 2 + 6a 2 5 3 + 4a6* + 6 5 
a 5 + 5a 4 6 + 10a 3 6 2 + 10a 2 6 3 + 5a6 4 +■ 6 5 .4ns. 

Remark. — 82. It will be observed that the number of 
multiplications is always 1 less than the units in the expo. 



81 Hott is the power of a polynomial obtained ! 
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iient of the power. Thus, if the exponent is 1, no multipli- 
cation is necessary. If it is 2, we multiply once ; if it is 3, 
twice ; if 4, three times, &c. The powers of polynomials 
may be expressed by means of an exponent. Thus, to ex- 
press that a + b is to be raised to the 5th power, we write 

{a + by, 

which is the expression for the fifth power of a + b. 
2. Find the 5th power of the binomial a — 6. 



a — 6 


- 


1st power. 
2d power. 


a — 6 
a 2 — ab 
- ab + b 2 

a — 6 


a 3 — 2a 2 6 + 

— a 2 b' + 

a 3 — 3a 2 b + 


ab 2 
2ab 2 —b 3 
3ab 2 -b 3 . . . . 


3d power. 


a — b 






a* — 3a 3 b + 
— a 3 b + 


3a 2 b 2 — ab 3 
3a 2 b 2 — 3ab 3 + 6* 




a* — 4o 3 6 + 
a — b 


6a 2 b 2 — 4a6 3 + * 4 


4th power. 


a 5_4 a 4J + 

— a*b + 


6aW— 4a 2 6 3 + ab* 
la 3 b 2 — 6a 2 6 3 + 4aJ*- 


-¥ 


a 5 — 5a 4 6 + 10a 3 b 2 - 10a 2 6 3 + bob* - 


- b s Ans. 



82i How does the number of multiplications compare with the 
exponent of the power ? If the exponent is 4, how many multiplica- 
tions ! 
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3. What is the square of 5a —2c + dl 

5a — 2c + d . 
5a — 2c + d 



25a 2 — lOac + -5ad 

— lOac + 4f 2 — 2cd 

+ 5ad-2cd+ d 2 



25a 1 — 20ac + lOad + 4c 2 - 4crf + d 2 Ant. 
4. Find the 4th power of ihe binomial 3a — 26. 
3a — 26 1st power. 



3a — 

9a 2 - 


26 

6a6 

6a5 +45* 




9a 2 — 


12a6 + 46 2 . 


. . . . 2d 


3a — 


26 




27a 3 - 


36a 2 6 + 12a6 2 
18a 2 6 + 24a6 2 — 


86 3 


27a 3 - 
3a — 


54a 2 6 + 36a6 2 — 
26 


86 3 . . 3d 


81a 4 — 


162a 3 6 + 108a 2 6 2 
54a 3 6 + 108a 2 6 2 ■ 


-24a6 3 

- 72a6 3 + 166* 


81a* - 


216a 3 6 + 21Ca 2 6 2 - 


- 96a6 3 + 166* 



3d power. 



5. What is the square of the binomial a + 1? 

Ans. a 2 -f 2a -f 1. 

6. What is the square of the binomial a — \1 

Ais. a 2 — 2a-\- 1. 

7. What is the cube of 9a — 36 1 

Ans. 729a 3 — 729a 2 6 + 243a6 2 — 276 3 . 

8. What is the third power of a — 11 

Ans. a 3 — 3a 2 + 3a - 1. 
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9 What is the 4th power of x — y! 

Ans. x* — 4a; 3 y + 6x 2 y 2 — 4xy 3 -\- y*. 

10 What is the cube of the trinomial x + y -f z? 

Answer. 
x 3 4- 3x 2 y 4- 3x 2 z+ 3xy 2 + 3xz 2 + Zy 2 z + 3yz 2 + Gxyz + y 3 + z 3 . 

1 ] . What is the cube of the trinomial 2a 2 — 4ab -f 36 2 % 
Answer. 
fia 6 — 48a 5 6 + 132a 4 6 2 — 208a 3 6 3 + 198a 2 6 4 — 108a5 5 +276 6 

To raise a fraction to any power. 

83. A power of a fraction is obtained by multiplying the 
fraction by itself a certain number of times ; that is, by 
multiplying the numerator by the numerator, and the deno- 
minator by the denominator. 

Thus, the cube of — which is written 

(a \ 3 a a a a 3 
T) = - T x T x T = T 3 ' 

Is found by cubing the numerator and denominator sepa- 
rately. 

CL — C 

2. What is the square of the fraction — — ■ — 1. 
^ ■ b + c 

We have 



fa — c\ 2 _ (a — c) 2 _ a 2 — 2ac + & 



G-f-:)'- 



,2 

(6 + c) 2 b 2 + 2bc + c 2 



tCU n QL 't/ 

3. What is the cube of —~ " Ans. _,„j ' 

36c 276 3 e I 



83. How do you find the power of a fraction I 
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4. "What is the fourth power of 2 2 1 

a*b e c* 

5. What is the cube of ' 

x + y 

x 3 — 3x 2 y + 3xy 2 — y 3 
" x 3 + 3x 2 y + 3xy 2 .+ y 3 ' 

9/vr x^ 

6. What is the fourth power of — — ] Ans. ,„ , ■ 

r 4ay loy 4 

Qlicx b 5 c s x s 

7. What is the fifth power of — — % Ans. 



8. What is the square of ; 1 

by — x 



18yz " 32y 5 n? 

a 2 x 2 — 2axy + y 2 



Ans. 



9. What is the cube of % 

x +2y" 

Ans. 



b 2 y 2 — 2bxy + x 2 
8a 3 — S6a 2 6 + 54a5 2 — 21b 3 



x 3 -|- 6x 2 y + \2xy 2 + 8y 3 

Binomial Formula. 

84. The method which has been explained of raising a 
binomial to any power, is somewhat tedious, and hence 
other methods, less difficult, have been anxiously sought 
for. The most simple which has yet been discovered, is 
that of Sir -saac Newton, by means of the Binomial 
Formula. 

84. What is the object of the Binomial Formula ? Who discovered 
this formula ? 
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85. In raising a quantity to any power, it is plain that 
there are four things to be considered : — 

1st. The number of terms of the power. 
2d. The signs of the terms. 
3d. The exponents of the letters. 
4th. The co-efficients of the terms. 

Of the Terms. 

86. If we take the two examples of Article 81, which 
we there wrought out in full ; we have 

(a + Vf = a 5 + 5a*b + 10a 3 5 2 + 10a 2 6 3 + 5ab* + b 5 ; 

(a — b) s = a 6 - 5a*6 + 10a 3 J 2 - 10a 2 6 3 + 5a¥ - b 5 . 

By examining the several multiplications, in Art. 81, we 
shall observe that the second power of a binomial contains 
three terms, the third power four, the fourth power five, the- 
fifth power six, &c. ; and hence, we may conclude — 

That the number of terms in any power of a binomial, is 
greater by one, than the exponent of the power. 

Of the Signs of the Terms. 

87. It is evident that when both terms of the given 
binomial are plus, all the terms of the power will be plus. 

2d. If the second term of the binomial is negative, then 
all the odd terms, counted from the left, will be positive, and 
all the even terms negative. 

85^ In raising a quantity, to any power, how many things are to be 
considered ? What are they ? 

86i How many terms are there in any, power of a binomial? If the 
exponent is 3, how many terms ? If it is 4, how many terms ? If 5 ? &c 

87i If both terms of the binomial are positive, how are the terms of 
the power ? If the second term is negative, how are the signs of th» 
terms J 
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Of the Exponents. 

88. The letter which occupies the first place in a bino 
mial, is called the hading letter. Thus, a is the leading 
letter in the binomials a + b, a — b. 

1st. It is evident that the exponent of the leading letter, 
in the first term, will be the same as the exponent of the 
power; and that this exponent will diminish by unity in 
each term to the right, until we reach the last term, which 
does not contain the leading letter. 

2d. The exponent of the second letter is 1, in the second 
term, and increases by unity in each term to the right until 
we reach the last term, in which the exponent is the same" 
as that of the given power. 

3d. The sum of the exponents of the two letters, in any 
term, is equal to the exponent of the given power. This 
last remark will enable us to verify any result obtained by 
means of the binomial formula. 

Let us now apply these principles in the two following 
examples, in which the co-efficients are omitted : — 

(a + bf . : . a e + a 5 b + a*i 2 + a?b 3 + a 2 b* + ab 5 + ft 6 , 

(a — bf . . . a 6 — a b b + a*b 2 — a 3 b 3 + a 2 6* — ab 5 + b e . 

As the pupil should be practised in writing the terms, 
with their proper signs, without the co-efficients, we will add 
a few. more examples. 

88. Which ia the leading letter of a binomial ? What is the exponent 
of this letter in the first term ? How does it change in the terms to- 
wards the right? What is the exponent of the second letter in the 
second term ? How does it change in the terms towards the right { 
What is it in the last term ? What is thesum of the exponents in any 
term equal to ? 
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1. (a + by . . a 3 + a 2 6 + ai 2 + b 3 . 

2. (a — 6)* . .a* — a 3 b + a 2 i 2 — ai 3 + b\ 

3. (a + 6) 5 . . a s + a 4 6 + a 3 6 2 + a 2 6 3 + aW + b\ 

4. (a — 6) 7 . . a 7 — a%+a 5 b 2 — a*b 3 +a 3 ¥— a 2 6 5 +a& 8 — 6'. 

Q/" the Co-efficients. 

89. The co-efficient of the first term is unity. The co 
efficient of the second term is the same as the exponent of 
the given power. The co-efficient of the third term is found 
by multiplying the co-efficient of the second term by the 
exponent of the leading letter, and dividing the product by 
2. And finally — 

If the co-efficient of any term be multiplied by n the exponent 
of the leading letter, and the product divided by the number 
which marks the place of that term from the left, the quotient 
will be the co-efficient of the next term. 

Thus, to find the co-efficients in the example 

(a — 6) 7 ... a 7 — a 6 b + o 6 6 2 — a i b 3 + a 3 b*— a 2 5 5 + ab e — 6 7 

we first place the exponent 7 as a co-efficient of the second 
term. Then, to find the co-efficient of the third term, we 
multiply 7 by 6, the exponent of a, and divide by 2. The 
quotient 21 is the co-efficient of the third term. To find the 
co-efficient of the fourth, we multiply 21 by 5, and divide 
the product by 3 : this gives 35. To find the co-efficient of 
the fifth term, we multiply- 35 by 4, and divide the product 
by 4 s this gives 35. The co-efficient of the sixth term, 
found in the same way, is 21 ; that of the seventh, 7 ;• and 
that of the eighth, 1. Collecting these co-efficients, 

(a-6) 7 = 

a -_7 66+21a 5 & 2 -35a*5 3 +35a 3 J*-21a 2 & 5 +7a& 6 -J 7 . 
7* 
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Remark. — "We see, in examining this last result, that the 
co-efficients of tha extreme terms are each unity, and that 
the co-efficients of terms equally distant from the extreme 
terms are equal. It will, therefore, be sufficient to find the 
co-efficients of the first half of the terms, and from these 
the others may be immediately written. 

EXAMPLES. 

1. Find the fourth power of a + b. 

Ans. a* + 4a 3 6 + 6a 2 6 2 + 4a6 3 + 6*. 

2. Find the fourth power of a — b. 

Ans. a 4 — 4a 3 b + 6a 2 6 2 — 4a5 3 + bK 

3. Find the fifth power of a + b. 

Ans. a 5 + 5a 4 6 + 10a 3 6 2 + 10a 2 J 3 + 5a5 4 + &*. 

4. Find the fifth power of a — b. 

Ans. a 5 - 5a*6 + 10a 3 6 2 - 10a 2 5 3 + 5a& 4 - b\ 

5. Find the sixth power of a + 6. 

Ans. a 6 + 6a 5 5 + 15a 4 6 2 + 20a 3 6 3 -f 15a 2 S 4 + 6aS 5 + b e . 

6. Find the sixth power of a — b. 

Ans. a 6 - 6a 5 6 + 15a 4 6 2 - 20a 3 6 3 + 15a 2 6 4 - 6«5 S + b B . 

7. Let it be required to raise the binomial 3a?c — 2bd to 
the fourth power. 

It frequently occurs that the terms of the binomial are 
affected with co-efficients and exponents, as in the above 



89i What is the co-efficient of the first term ? What is the co-efficient 
of the second ? How do you find the co-efficient of the third term ? 
How do you find the co-efficient of any term ? What are the co-effi- 
cients of the first and last terms ? How are the co-efficients of terms 
equally distant from the two extremes ? 
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example. In the first place, we represent each term of the 
binomial by a single letter. Thus, we place 

3a?c = x, and — 2bd — y, 
we then have 

(x + y)* = x* + 4z 3 y + 6x 2 y 2 + 4zy 3 + y*. , 
But, x 2 = 9a 4 c 2 , x 3 = 27a e c 3 , x* = 81a B c* ; 
and y 2 = 4b 2 d 2 , y 3 = - 8b 3 d 3 , y* = 16b*d*. 
Substituting for x and y their values, we have 

(3a 3 c-2bdy-{Sa 2 cY+4:{3a 2 cy {-2bd)+Q (3a 2 c) 2 (-2bd)> 
+ 4(3a 2 c) ( - 2bd) 3 + ( - 2bd)*, 

and by performing the operations indicated, 

(3a 3 c — 2bd)* = 8la B c i —216a 6 c 3 bd+216a i c 2 b 2 d 2 —96a 2 cb 3 d 
+ 166 4 a" 4 . 

8. What is the square of 3a — 66 1 

Ans. 9a 2 — 36o6 + 366 J 

9. What is the cube of 3x — &y 1 

Ans. 21 x 3 — lG2x 2 y + 324xy 2 — 21 &y\ 

10. What is the square of x — y ? 

Ans. x 2 — 2xy -f- y z . 

11. What is the eighth power of m + nl 

Ans. m 8 + 8m' 'n + 28m e n 2 + 56m 6 w 3 + "70m i n*+ 56m 3 n< 
+ 28m% 6 + 8wm 7 + n e . 

12. What is the fourth power of a — 36? 

Ans. a 4 — 12a 3 6 + 54a 2 6 2 - 108a& 3 + 816* 

13. What is the fifth power of c — 2d 1 

Ans. c 5 - We'd + 40c 3 c* 2 - 80c 2 d 3 + SOca" 4 - 32* 

14. What is the cube of 5a — 3d1 

Ans. 125a 3 - 225a 2 d + 135arf 2 - 2"td 3 . 
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Remark. The powers of a polynomial may easily be 
found- by the Binomial Formula. 

15. For example, raise a + b + c to the third power. 
First, put . . . . 6 + c = d : 

Then, y (a + 6 + c) 3 = (a + d) 3 = a 3 + 3a*d + 3ad 2 + cP. 
Or, by substituting for the value of d, 

(a ■+• J + c )3 -J a s + 3^ 4. 3„jz + p 

3a?c + 36 2 c + 6abc 

+ 3ac 2 + 36c 2 

+ A 

This expression is composed of the sum of the cubes of the 
three terms, plus three times the square, of each term by the 
product of the first powers of the two others, plus six times 
the product of the three terms. It is easily proved that this 
law is true, for any polynomial. 

To apply the preceding formula to the development of 
the cube of a trinomial, in which the terms are affected with 
co-efficients and exponents, designate each term by a single 
letter, then replace the letters introduced, by their values, and 
perform the operations indicated. 

From this rule, we find that 

(2a a - Aab + 36 2 ) 3 = 8a 6 - 48a 6 6 + 132a<6 2 — 208a 3 6 3 
+ 198a 2 6* - 108a6 5 + 2W. 

The fourth, fifth, &c, powers of any polynomial can be 
found in a similar manner. 

16. What is the cube of a — 26 + c ? 

Ans. a 3 — 85 3 + c 3 — 6a 2 6 + 3a 2 c + 12a6 2 -f- 126 2 c+3ae> 
— 66c 2 — 12a6c. 
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CHAPTER V. 

Extraction of the Square Root of Numbers. Formation 
of the Square and Extraction of the Square Root of 
Algebraic Quantities. Calculus of Radicals of the 
Second Degree. 

90. The square or second power of a number, is the pro- 
duct which arises from multiplying that number by itself - 
once : for example, 49 is the square of 7, and 144 is the 
square of 12. 

91. The square root of a number is that number which, 
being multiplied by itself once, will produce tne given num- 
ber. Thus, 7 is the square root of 49, and 12 the square 
root of 144 : for 7, X 7 = 49, and 12 X 12 = 144. 

92. The square of a number, either entire or fractional, is 
easily found, being always obtained by multiplying this 
number by itself once. The extraction of the square root 
of a number is, however, attended with some difficulty, and 

equires particular explanation. 



90 What is the square, or second power of a number ? 
91i What is the square root of a number? 
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The first ten numbers are, 

1, 2, 3, 4, 5, 6, 7, 8, 9, 10; 

and their- squares, 

1, 4,- 9, 16, 25, 36, 49, 64, 81, 100; 

and reciprocally, the numbers of the first line are the square 
roots of the corresponding numbers of the second. We may 
also remark that, the square of a number expressed by a single 
figure, will contain no unit of a higher denomination than 
tens.* 

The numbers of the last line, 1, 4, 9, 16, &c, and all 
other numbers which can be produced by the multiplication 
of a number by itself, are called perfect squares. 

It is obvious that there are but nine perfect squares among 
-all the numbers which can be expressed by one or two figures : 
the square roots of all other numbers expressed by one or 
two figures, will be found between two whole numbers dif- 
fering from each other by unity. Thus 55, which is comprised 
between 49 and 64, has for its square root a number between 
7 and 8. ' Also 91, which is comprised between 81 and 100, 
has for its square root a number between 9- and 10. 

93. Every number may be regarded as made up of a 
certain number of tens and a certain number of units. Thus 
64 is made up of 6 tens and 4 units, and may be expressed 
under the form 60 + 4; 



92. What 'will be the highest denomination of the square of a number 
expressed by a single figure ? What are perfect squares ? How many 
are there between 1 and 100 ? What are they ? 

* See Arithmetic Art. 8. 
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Now, if we represent the tens by a and the units by 6, 
we shall have 

a+b = 64, 
and (a + 6) 2 =(64) 2 ; 

or a 2 + 2a& + 6 2 =4096. 

Which proves that the square of a number composed of 
tens and units, equals the square of the tens plus twice the 
product of the tens by the units, plus the square of the units. 

94. If now, we make the units 1, 2, 3, 4, &c, tens, or 
units of the second order, by annexing to each figure a 
cipher, we shall have 

10, 20, 30, 40, 50, 60, 70, 80, 90, 100, 

and for their Squares, 

100, 400, 900, 1600, 2500, 3600, 4900, 6400, 8100, 10000. 

From which we see that the square of one ten is 100, the 
square of two tens 400 ; and generally that the square of 
tens will contain no unit of a less denomination than hun- 
dreds, nor of a higher name than thousands. 

Ex. 1.— To extract the square root of 6084. 

Since this number is composed of more than 
two places of 'figures, its root will contain 60 84 

more than one. But since it is less than 
10000, which is the square of 100, the root will contain but 
two figures : that is, units and tens. 

Now, the square of the tens must be found in the two 



93. How may every number be regarded as made up ? What is tho 
equa-e of a number composed of tens and units equal to ! 

94 What is the square of one ten equal' to ! Of 2 tenB t Of S 
tens ? (to. 
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left-hand figures, which we will separate from the other two 
by putting a point over the place of units, and a second over 
the place of hundreds. These parts, of two figures each, are 
called periods. The part 60 is comprised between the two 
squares 49 and 64, of which the roots are 7 and 8 : hence, 
7 expresses the number of tens sought; and the required root 
is composed of 7 tens and a certain number of units. 

The figure 7 being found, we . . 

write it on the right of the given 60 84 78 

number, from which we separate 49 

it by a vertical line : then we 7x2 = 14 81184 
subtract its square, 49, from 60, 118 4 



which leaves a remainder of 11, 

to which we bring down the two 

next figures 84. The result of this operation, T184, con- 
tains twice the product of the tens by the units, plus the square 
of the units. 

But since tens multiplied by units cannot give a product 
of a less unit than tens, it follows that the last figure, 4, 
can form no part of the double product of the tens by the 
units : this double product is therefore found in the part 118, 
which we separate from the units' place, 4. 

Now if we double the tens, which gives 14, and then divide 
118 by 14, the quotient 8 will express the units, or a num- 
ber greater than the units. This quotient can never be too 
small, since the part 118 will be at least equal to twice the 
product of the tens by the units : but it may be too large ; 
for the 118, besides the double product of the tens by the 
units, may likewise contain tens arising from the square 
of the units. To ascertain if the quotient 8 expresses the 
number of units, we write the 8 on the right of the 14, 
which gives 148, and then we multiply 148 by 8. Thus, 
we evidently form, 1st, the square of the units ; and, 
2d, the double product of the tens by the units. This 
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jaultiplication being effected, gives for a product 1184, a 
number equal to the result of the first operation. Having 
subtracted the product, we find the remainder equal to : 
hence, 78 is the root required. 

Indeed, in the operations, we have merely subtracted 
from the given number 6084, 1st, the square of 7 tens, or of 
70 ; 2d, twice the product of 70 by 8 ; and, 3d, the square 
of 8 : that is, the three parts which enter into the composi- 
tion of the square 70 + 8, or 78 ; and since the result of 
the subtraction is 0, it follows that 78 is the square root of 
6084. 

95. Remark. — The operations in the last example have 
been performed on but two periods, but it is plain that the 
same methods of reasoning are equally applicable to larger 
numbers, for by changing the oVder of the units, we do not 
change the relation in which they stand to each other. 

Thus, in the number 60 84 95, the two periods 60 84 
have the same relation to each other as in the number 
60 84 ; and hence the methods used in the last example 
are equally applicable to larger numbers. 

96. Hence, for the extraction of the» square root of 
numbers, we have the following 

RULE. 

I. Sep.arate the given number into periods of two figures 
each, beginning at the right hand: — the period on the left will 
often contain but one figure. 

II. Find the greatest square in the first period on the left, 
and place its root on the right, after the manner of a quotient 



95i "Will the reasoning in the example apply to more than two 
periods ? 
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in division. Subtract the square of this root from the first 
period, and to the remainder bring down the second period for 
a dividend. 

III. Double the root already found, and place it on the left 
for a divisor. Seek how many limes the divisor is contained 
in the dividend, exclusive of the right-hand figure, and place 
the figure in the root and also at the right of the divisor. 

IV. Multiply the divisor, thus augmented, by the last figure 
of the root, and subtract the product from the dividend, and to 
the remainder bring down the next period for a new dividend. 
But if any of the products should be greater than the divi- 
dend, diminish the last figure of the root by one. 

V. Double the whole root already found, for a new divisor 
and continue the operation as before, until all the periods art 
brought down. 

97. 1st. Remark. — If, after all the periods are brought 
down, there is no remainder, the proposed number is a per- 
fect square. But if there is a remainder, you have only 
found the root of the greatest perfect square contained ia 
the given number, or the entire part of the root sought. 

For example, if it were required to extract the square 
root of 665, we should find 25 for the entire part of the 
root, and a remainder of 40, which shows that 665 is not 
a perfect square. But is the square of 25 the greatest per- 
fect square contained in 665 1 that is, is 25 the entire part 
of the root? To prove this, we will first show that, the 
difference between the squares of two consecutive numbers, it 
equal to twice the less number augmente i by one. 

96. Give the rule for extracting tbe square root of numbers. Whatii 
the first step? What the second t What the third ! What the fourth I 
What the fifth ) 
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Let . a — the less number, 

and . . a + 1 = the greater. 

Then . (a + l) 2 = «2 + 2a + 1, 

and . . (af — u\ 

Their difference = 2a + 1 as enunciated. 

Hence, the entire part of the root cannot be augmented 
unless the remainder ,js equal to or greater than twice the 
root found, plus one. 

But 25 X 2 + 1 = 51 > 40 the remainder : therefore, 25 
is the entire part of the root. 

98. 2d Ebmark. — The number of places of figures in the 
root will always be equal to the number of periods into 
which the given number is separated. 



EXAMPLES. 

1. To find the square root of 7225. Ans. 85 

2. To find the square root of 17689. Ans. 133. 

3. To find the square root of 994009. Ans. 997. 

4. To find the square root of 85673536. Ans. 9256. 

5. To find the square root of 67798756. Ans. 8234. 

6. To find the square root of 978121. Ans. 989. 

7. To find the square root of 956484. Ans. 978. 

8. What is the square root of 36372961 1 Ans. 6031. 

9. What, is the square root of 22071204? Ans. 4698. 

10. What is th.e square root of 106929 1 . Ans. 327. 

11. What is the square root of 12088868379025 ? 

Ans. 3476905. 



OSi How many figures will yon 'always find in the root f 



164 
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99. 3d Remark.— If the given number has not an exact 
root, there will be a remainder after all the periods are 
brought down, in which case ciphers may be annexed, form- 
ing new periods, for each of which there will be one deci- 
mal place in the root. 

1. What is the square root of 36729 1 



3 67 29 
1 



191.64+ 



In this example there are 
two periods of decimals, 
and hence, two places of 
decimals in the root. 



29 
38 1 
382 6 



267 

261 
629 
381 



24800 
22956 



3832 4 



184400 
153296 



31104 Rem. 



2. What is the square root of 2268741 ? 

3. What is the square root of 7596796 1 

4. What is the square root of 96 1 

5. What is the square root of 153 % 

6. What is the square root of 101 1 



Am. 1506.23 +. 

Ans. 2756.22 +. 

Am. 9.79795 +. 
Am. 12.36931 +. 
Ans. 10.04987 +. 



Hi). How will you find the decimal part of the root I 
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7. What is the square root of 285970390644 % 

Ans. 534762. 

8. What is the square root of 41605800625 1 

Ans. 203975. 

9. What is the square root of 48303584206084 ] 

Ans. 695007a 

Extraction of the square root of Fractions. 

100. Since the square or second power of a fraction is 
obtained by squaring the numerator and denominator sepa- 
rately, it follows that the square root of a fraction will be 
equal to the square root of the numerator divided by the 
square root of the denominator. 

For example, the square root of jt is equal to — : foi 
a a a 2 

T x T~~p' 

1. What is the square root of — 1 

9 

2. What is the square root of —1 

64 

3. What is the square root of -^r- ? 

81 

256 

4. What is the square root of ^r— 1 - 

6ol 

1 A 

5. What is the square root of — 1 

64 



100i If the numerator and denominator of a fraction are perfect 
squares, hov will you extract the squaie root ! 



Ans. 


1 
2 


Ans. 


3 

4" 


Ans. 


8 
9" 


Ans. 


16 
19' 


Ans. 


1 
2' 
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4096 , 64 

6. What is the square root of -,. Q0( j ■ - &ns - 247 ' 

, 582169 , . 763 

7. What is the square root of 95t > 484 • JLns - 973* 

101. If neither the numerator nor the denominator is a 
perfect square, the root of the fraction cannot be exactly- 
found. We can, however, easily find the approximate rout. 
For this purpose, 

Multiply both terms of the fraction by the denominator, 
which makes the denominator a perfect square without altering 
the value of the fraction. Then, extract the square root of the 
numerator, and divide this root by the root of the denomina- 
tor ; this quotient will be the approximate root. 

3 

Thus, if it be required to extract the square root of — > 

o 

15 

we multiply both terms by 5, which gives — • 

We then have 

-/TF = 3.8729 + : 

hence, 3.8729 + -=-5 = .7745 + = Ans. 

7 ' 

2. What is the square root of — ? Ans. 1.32287 +. 

14 

3. What is the square root of — ? Ans. 1.24721 +. 

4. What is the square root of 11—? 



Ans. 3.41869 +. 



101 1 If the numerator and denominator of a fraction are not perfect 
squares, how do yon extract the square root t 
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13 

5. What is the square root of 7— ? Ans. 2.71313 +. 

15 

6. What is the square root of 8— 1 Ans. 2.88203 •(-. 

49 

5 

7. What is the square root of — 1 Ans. 0.64549 -f. 

LAI 

8. What is the square root of 10— 1 

Ans. 3.20936 +. 

102. Finally, instead of the last method, we may, if we 
please, 

- Change the vulgar fraction in to a decimal, and continue the 
division until the number of decimal places is double the num- 
ber of places required in the root. Tlien, extract the root of 
the decimal by the last rule. 

Ex. 1. Extract the square root of — to within .001. 

This number, reduced to decimals, is 0.785714 to within 
0.000001 ; but the root of 0.785714 to the nearest unit, is 

.886 : hence 0.886 is the root of — to within .001. 

14 

2. Find the \/ 2— to within 0.0001. 

V lo 

Ans. 1.6931 +. 

3. What is the square root of — ? Ans. 0.24253 +. 

7 

4. What is the square root of — - ? Ans. 0.93541 +. 

o 

5 

5. What is the square root of — ? Ans. 1.29099 +. 

o 



102. By what other method may the root be found t 
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Extraction of the Square Boot of Monomials. 

103. In order to discover the process for extracting the 
square root, we must see how the square of a monomial is 
formed. 

By the rule for the multiplication of monomials (Art. 35), 
we have 

(5a 2 6 3 c) 2 = 5a 2 6 3 c x 5a 2 b 3 c = 25a 4 6 e c 2 ; 

that is, in order to square a monomial, it is necessary to 
square its co-efficient, and double the exponents of each of the 
different letters. Hence, to find the square root of a mono- 
mial, we have the following 

RULE. 

I. JSxtract the square root of the co-efficient. 
II. Divide the exponent of each letter by 2. 

Thus, i/MaW = 8a 3 6 2 for 8a 3 6 2 x 8a 3 6 2 = 64a 6 6 4 . 

2. Find the square root of 625et 2 6 8 c 6 . Ans. 25a6 4 e 3 . 

3. Find the square root of 576a 4 4 6 c 8 . Ans. 24a 2 b 3 c i . 

4. Find the square root of 196x 6 y 2 2*. Ans. 14x 3 yz' 2 . 

5. Find the square root of 4Ala s b e c 10 d ie . 

Ans. 21a i b 3 c B d i . 

6. Find the square root of 784a 12 6 14 c 16 rf 2 . 

Ans. 28a 6 6 7 c 8 d, 

7. Find the square root of 81a 8 6 4 c 6 . 

Ans. 9a'b i c 3 . 



103. How do you extract the square root of a monomial % 
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104. From the preceding rule it follows, that vhen a 
monomial is a perfect square, its numerical co-efficient is a 
perfect square and all its exponents even numbers. Thus, 
2ha 4 b 2 is a perfect square ; but 98afr* is not a perfect square, 
because 98 is not a perfect square, and a is affected with 
an uneven exponent. 

In the latter case, the quantity is introduced into the cal- 
culus by affecting it with the sign' -j/ , and it is written 
thus: 

-v/98a6*. 

Quantities of this kind are called radical quantities, or irra- 
tional quantities, or simply radicals of the second degree. 
They are also, sometimes called Surds. 

Such expressions may often be simplified, by employing 
the principle that, the square root of the product of two or 
more factors is equal to the product of the square roof", of 
these factors; or, in algebraic language, 

■y/abcd . . . =-y/a.y'6.-y/c. -y/ d . . . 



This being the case, the above expression, y / 98a&* an 
be put under the form 

• -v/495* X2a= ^496* X -^2a. 

Now, y"496 4 , may be reduced to 7i 2 ; hence, 



■y/WaV = W -)/2a. 
In like manner, 

y / 45a 2 6W= -v/9aW X 5bd = Sabc -y/US. 

v '864a 2 6V 1 = yT44aW°~xl>&c = 12a6 2 c 5 s Mc. 
8 
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The quantity which stands without the radical sign is 
called the co-efficient of the radical. Thus, in the expres- 
sions 

IW-y/W, Sdbc^Ebd, I2ab 2 c 5 ^6bc, 
the quantities 76 2 , Sabc, 12a6V, are called co-efficients of the 
radicals. 

Hence, to simplify a radical expression of the second 
degree, we have the following 

BULE. 

I. Separate the expression under the radical sign into two 
factors, one of which shall be a perfect square. 

II. Extract the square root of the perfect square, and then 
multiply the root by the indicated square root of the remaining 
factors. 

105. Remark. — To determine if a given number has any 
factor which is a perfect square, we examine and see if it is 
divisible by either' of the perfect squares 

4, 9, 16, 25, 36, 49, 64,. 81, &c, 

and if it is not, we conclude that it does not contain a factor 
which is a perfect square. 



104i "WTien is a monomial a perfect square ? When it is not a perfect 
square, how is it introduced into the calculus ? "What are quantities* of 
this kind called ? May they be simplified ? Upon; what principle ? 
What is a co-efficient of a radical ? Give the rule for reducing radi- 
cals. 

105. How do you determine whether a given number has a .factor 
which is a perfect square ? 
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EXAMPLES. 



1. Reduce -y/75a 3 bc to its simplest form. 

Ans. 5a-v/3a6& 



2. Eeduce -\/128b 5 a 6 d 2 to its simplest form. 

Ans. 8b 2 a 3 d^/2b. 

3. Reduce -y/S2a 9 b s c to its simplest form. 

,4»s. 4o*6 4 y2ac. 



4. Reduce -y/256a 2 6 4 c 8 to its simplest form. 

Ans. 16aSV. 

5. Reduce y ! 1024a% , c s to its simplest form. 

jlras. 32a*5 3 c 2 1 /a6a, 



6. Reduce -\/729a f Pc g S to its simplest form. 

Ans. 27aWc 3 -i/abJ. 



7. Reduce ■y/&75a'b & c 2 d to its simplest form. 



Ans. 15a 3 6Vy/3aM. 



8. Reduce ■y/1445a 3 c 8 5* to its simplest form. 



9. Reduce ■^TOOSaPdhnP to its simplest form. 

Ans. 12a*d 3 m*'\/'7ad. 



10. Reduce -\/2l56a w b a c e to its simplest form. 

,4ns. 14a 5 6 4 c 3 yTT. 



11. Reduce y405a f F5 8 to its simplest form. 

.4m*. 9a 3 b 3 d*</5a. 
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106. Since like signs in two factors give a plus sign in 
the product, the square of — a, as well as that of + a, will 
be a 2 ; hence, the square root of a 2 is either + a or — a. 
Also, the square root of 25a 2 b* is either + 5ab 2 or — bob 2 . 
Whence we may conclude, that if a monomial is positive, 
its square root may be affected either with the sign + or - - ; 
thus, -/9a* = ± 3a 2 ; for, + 3a z or — 3a 2 , squared, gives 
9a*. The double sign ± with which the root is affected, is 
read plus or minus. 

If the proposed monomial were negative, it would be im- 
possible to extract its square root, since it has just been 
shown that the square of every quantity, whether positive 
or negative, is essentially positive. Therefore, 

V=9, V- 4a2 > V-8a 2 6, 

are algebraic symbols which indicate operations that cannot 
be performed. They are called imaginary quantities, or 
rather, imaginary expressions, and are frequently met with 
in the resolution of equations of the second degree. These 
symbols can, however, by extending the rules, be simplified 
in the same manner as those irrational expressions which 
indicate operations that cannot be exactly performed. Thus, 
-[/— 9 may be reduced by (Art. 104). Thus, 



and V - 4a 2 = -/4a 2 X V - 1 = 2a V~—l ■ a]s °, 
-/-8a 2 6 = /4a 2 X - 26 = 2a 1 /=~2i = 2a y^F x ■/=!. 



10G. What sign is placed before the Bquare root of a monomial 
Why may you place the sign plus or minus \ What is an imaginan 
quantity ? Why is it called imaginary ? 
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Of the Calculus of Radicals of the Second Degree. 

107. A radical quantity is the indicated root of an im 
perfect power. 

The extraction of the square root gives rise to such expres- 
sions as -yfa, 3-^/^7 lV%> which are called irrational 
quantities, or radicals of the second degree. We will now 
establish rules for -performing the four fundamental opera- 
tions of Algebra upon such expressions. 

108. Two radicals of the second degree are similar, when 
the quantities under the radical sign are alike in both. Thus, 

3-y/6" and.5cyT are similar radicals; and so also are 

9y^" and 7y^T 

Addition. 

109. Radicals of the second degree may be added together 
by the following 

KTJLE. 

I. If the radicals are similar add their co-efficients, and to 
the sum annex the common radical. 

II. If the radicals are not similar, connect them together 
Kith their proper signs. 

Thus, 3a -/b + 5c yT= (3a + 5c) -/&T 



107. What is a radical quantity? What are such quantities called ? 

108. When are radicals of the second degree similar ? 

109. How do you ad</ similar radicals of the second degree ? How 
do you add radicals which are not similar ! 
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In like manner, 

7 V / 2o + 3 V^« = (7 + 3) y^ = 10 V^- 

Two radicals, which do not appear to be similar at first 
sight, may become so by simplification (Art. 104). 

Por example, 
A /48o6 5 "+ b ■yftha = 4J) -^/Sa + 5b ^/Za — 96 t/Zo\ 

and 2- v /45+3y / 5 = 6V5 + 3 V5 = 9 V^ 

When the radicals are not similar, the addition or sub- 
ti ictior. can only, be indicated. Thus,, in order to add 
3 y/b" to 5 -\/a, we write 

5 v<r+3 y£" 

EXAMPLES. 

1. What is the sum of ^ferhi? an ,j .y/iiaM 

Ans. 7a-y/37 

2. What is the sum of 1 /50a*6 2 and -y/TZaW 1 

Ans. lla 2 6y?T 



/So 5 /~cfl 

3.What is the sum of y -g— and y -jg- ? 



5 """ V 15 

,4ns. 4a < 



V 15 

4. What is the sum of yqjjjj and y^oOo 8 ? 

^»s. (5 + 10a) ySi 
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5. What is the sum of . /— and t / 100 i - 

V 147 . V 294 ' 

Am ' 21 V^ 

6. What is the sum of -y/98cflx and y36a; 2 — 36a 2 ? 

-4?is. 7a- v /2aT+ 6 -/a; 2 — a 2 .- 

7. What is the sum of -v/98a 2 a; and •v^iSa^I 

-4»w. (7a+12a 2 a 2 )- v /2^ 

8. Eequired the sum of -y/72 and -/128. 

-4»*. 14/2? 

9. Eequired the sum of y^7 and -y/147. 

-4ws. lOv/ST 

T2 /27" 

10. Required the sum of * / — and a/ . 

Ans ^V^ 

11. Required the sum of %/tiFb and 3-y/644a^. 

.ires. (2a + 24z 2 )- v /T" 

12. Required the sum of -v/243 and 10-/363. 

^ras. 119 -/3- 



13. What is the sum of y320a 2 6 2 and v /245a B 6 e ? 

^ns. (8a6 + 7a*£ 3 ) y/5. 



14. What is the sum of /75a 6 6 7 and /SOOoW ? 

.4re*. (5a 3 6 3 + 10a 3 6 2 )v^6i 
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Subtraction. 

110. To subtract one radical expression from another, 
we have the following 

EULB. 

1. If the radicals are similar, subtract their co-efficients, and 
to the difference annex the common radical. 

II. If the radicals are not similar, indicate their difference 
by the minus sign. 

EXAMPLES. 

1.- What is the difference between 3ayT and ayM 
Here, 3a -/T — a yQ> = 2a -^/T Ans. 

2. From 9a -y/SfP subtract 6a y^W. 

First, 9a y^W = 27 ab -/3T and 6a -\/^U 2 = 18a J y3~; 
and 27a&yT— 18a5-/3 = 9a6-/lf ^4»w. 

3. What is the difference of -/TfT and -/Wl 

Ans. y3T 

4. What is the difference of i/24a 2 4 2 and -/54S* ? 

-4ns. (2a5 - 3b*)i/67 



lid How do you subtract similar radicals? How do ycu Bubtraei 
radicals which are not similar ? 
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5. Required the difference of \ /— . and \ / 

V 5 V 27 



Ans. — 



Vli 



45 

6 What is the difference of ylsSa 3 ! 2 all( j ^S2a a ? 

Ans. (Sab — 4a 4 ) -/2a 

7. What is the difference of -y/A8a 3 b 3 and ■y/Sabi. 

Ans. 4a J -|/3a6 — 3 -\/ab 

8. What is the difference of y/24&a s b s and y^aWl 

Ans. (lla 2 6 2 — ab)y/^b. 

9. What is the difference of \ / — and \/ — ? 

V 4 V 9 

Ans. — V~3. 
6 

10. What is the difference of -v/3200 2 and -v/gOo 2 ? 

Ans. 4a-y/l>. 

11. What is the difference between 

-v/720a 3 6 3 and -y/24S>alcH 2 ? 

,4ns. (12a6 — 7crf) -y/5a5 
12 What is the difference between 



■^/mSaW and ^/WOaWi 

Ans. \2abi/2. 
13 What is the difference between 

-y/l^a 8 * 6 and -v/28a 8 fi 6 ? 

Jms. 2a*& 3 - v /7 
8* 
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' Multiplication. 

111. For the multiplication of radicals, we have the 
following 

RULE. 

I. Multiply the quantities under the radical signs together, 
and place the common radical sign over the product. 

II. If the radicals have co-efficients, we multiply them to- 
gether, and place the product before the radical part. 

Thus, vV /7x -v/T= -\/aT; 

This is the principle of Art. 104, taken in the inverse 
order. 

EXAMPLES. 

1. What is the product of 3 ■^/Eab and 4y^0a1 

Ans. 120a i/T. 

2. What is the product of 2a -^/bc and 3a -\/Tc 1 

Ans. 6a?bc. 

3. What is the product of 2a^/a 2 +b 2 and — 3a-/a 2 + bn 

Ans. — 6a 2 (a 2 + J 2 ). 



111. How do you multiply quantities which are under radical signa I 
When the radicals hai e co-efficients, how do you multiply them 
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4. What is the product of 3 i/2~ and 2^13 ? 

Arts. 24. 

5. What is the product of f-v/fas 2 * and T \ 1 /|^6'? 

Ans. j^aic-y/TS. 

6. What is the product of 2x + ■y/b and 2x — yT? 

-4res. 4a; 2 — b. 

7. What is the product of 

Va + 2</b~ and V a — 2-/F? 

_4?w. -y/a 2 "— 4J. 

8. What is the product of 3a-/27a 5 ' by y^? 

Ans. 9a 3 -v/6. 

112. To divide one radical by another, we have the fol- 
lowing 

RULE. 

I. Divide one of the quantities under the radical sign by 
the other, and place the common radical sign over the quotient. 

II. If the radicals have co-efficients, divide the co-efficient of 
the dividend by the co-efficient of the divisor, and place the 
quotient before the radical, found as above. 



112. How do you divide quantities -which are under the radical sign I 
When the radicals have co-efficients, how do you divide them I 
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Thus, ^Z^/Z; for the squares of these two 

a 
expressions are each equal to the same quantity -^-; 

hence the expressions themselves must be equal. 

EXAMPLES. 

1. Divide 5a -fh by 26 -y/7. 

2. Divide 12ac /66c by 4c -/2ft! Ans. 3a -/3c! 

3. Divide 6a -^Mb* by 3 t/W. Ans. Aab -/IT 

4. Divide 4a 2 -/ 506 s by 2a 2 -/56. ^4ras. 26 2 -/ia 



5. Divide 26a 3 6-/81a 2 6 2 by 13a-/9a6. 

Ans. 6a 2 byab. 

6. Divide 84a 3 6 4 -/27ac by 42a6-/3a! 

Ans. 6a 2 b 3 -y/~c. 

7. Divide /J^ 2 by -/& ^4ras. \a. 



8. Divide 6a 2 J 2 -/20a 3 " by 12 -/la! ^ras. a 3 6 2 . 

9. Divide 6a/ 106 2 by 3-/5T .4ns. %aby/H. 

10. Divide 486*-/l5 by 26 2 /^. ^f«s. 3606 2 . 

11. Divide 8a 2 6*c 3 -/7a^ by 2a-/28~Z 

-4ras. 2a5*c 3 d. 



12. Divide 96a*c 3 -/986= by 48a6c-/26. 

Ans. 14a 3 6c 2 . 
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13. Divide 27a 5 &V 21a3 b y V^ 

Ans. 27a% e y/T. 

14. Divide 18a 8 66^/8^* by Qab-y/aF. 

Ans. 6a e J 5 -/2T 

To Extract the Square Boot of a Polynomial. 

113. Before explaining the rule for the extraction of 
tli<s square root of a polynomial, let us first examine the 
squares of several polynomials : we have 

(a + S) 2 = a 2 + 2ab + b 2 , 

(a + b + c) 2 = a 2 + 2ab + b 2 + 2(a + b)c + c 2 , 

(a + b + c + d) 2 = a 2 + 2ab + b 2 + 2(a + b)c + c 2 

+ 2(a + 6 + c)d'+ d 2 . 

The few by 'which these squares are formed can be enun- 
ciated thus : 

The square of any polynomial is equal to the square of the 
first term,plus twice the product of the first term by the second, 
plus the square of the second; plus twice the first two terms 
multiplied by the third, plus the square of the third; plus twice 
the first three terms multiplied by the fourth, plus the square 
of the fourth ; and so on. 



113. "What is the square of a binomial equal to I What is the 
square of a trinomial equal to ? What is the square of any polynomial 
equal to S 
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114. Hence, to extract the square root of a polynomial, 
we have the following 

RULE. 

I. Arrange the polynomial with reference to one of its let- 
ters, and extract the square root of the first term : this will 
give the first term of the root. 

II. Divide the second term of the polynomial by double the 
first term of the root, and the quotient will be the second term 
of the root. 

III. Then form the square of the sum of the two terms of 
the root found, and subtract it from the first [^polynomial, and 
then divide the first term of the remainder by double the first 
term of the root, and the quotient will be the third term. 

IV. Form the double product of the sum of the first and 
second terms by the third, and add the square of the third ; 
then subtract this result from the last remainder, and divide 
the first term of the result so obtained by double the first term 
of the root, and the quotient will be the fourth term. Then 
proceed in a similar manner to find the other terms. 

EXAMPLES. 

1. Extract the square root of the polynomial. 

49a 2 6 2 - 24a6 3 + 25a* - 30a 3 6 + 165*. 
First arrange it with reference to the letter a. 



25a* — 30a?b + 49a 2 J 2 - 24a6 3 - 166* 
25a* — 30a 3 6 + 9a 2 6 2 



5a 2 — 3ah +44* 



10a 2 



40a 2 6 2 - 24a6 3 + 166* 1st Rem. 
40a 2 6 2 — 24a6 3 + 166* 

. . . 2d Rem. 
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After having arranged the polynomial with reference to 
a, extract the square root of 25a* ; this gives 5a 2 , which is 
placed at the right of the polynomial : then divide the second 
term, — 30a 3 6, by the double of 5a 2 , or 10a 2 ; the quo- 
tient is — Sab, which is placed at the right of 5a 2 . Hence, 
the first two terms of the root are .5a 2 — Sab. Squaring 
this binomial, it becomes 25a 4 — 30a 3 6 + 9a 2 6 2 , which, sub- 
tracted from the proposed polynomial, gives a remainder, 
of which the first term is 40a 2 6 2 . Dividing this first term 
by 10a 2 , (the double of 5a 2 ), the quotient is + 46 2 ; this 
is the third term of the root, -and is written on the right of 
the first two terms. By forming the double product of 
5a 2 — Sab by 46 2 , squaring 46 2 , and taking the sum, w« 
find the polynomial 40a 2 6 2 — 24a6 3 + 166 4 , which, sub 
tracted from the first remainder, gives 0. Therefore, 
5a 2 — Sab + 46 2 is the required root. 

2. Find the square root of a 4 + 4a 3 3 + 6a 2 x 2 + 4az 3 +,a: 4 . 

Ans. a? + 2ax + a 2 . 

3. Find the square root of a 4 — 4a 3 z + 6a 2 3 2 — 4aaJ 3 + a*. 

Ans. a 2 — 2ax + x 2 . 

4. Find the square root of 

4z 6 + 12a; 5 + 5z 4 — 2z 3 + 1x 2 — 2x + 1. 

Ans. 2x* + Sx 2 - x + 1. 

5. Find the square root of 

9a 4 - 12a 3 6 + 28a 2 6 2 - 16a6 3 + 166 4 . 

Ans. 3a 2 -2a5 + 45 2 



114, Give the rule for extracting the square root of a polynomial 
What is the first step ? What the second ! What the third ? Whai 



the fourth! 



184 ELEMENTARY ALGEBRA. 

6. What is the square root of 

x* — 4ax 3 + 4a 2 x 2 — 4a; 2 + Sax + 4 ] 

Ans. x* — 2ax — 2. 

7. What is the square root of 

9a: 2 - 12a; + &xy + y 2 — 4y + 41 

Ans. 3x + y — 2. 

8. What is the square root of y* - 2y 2 x 2 +2a; 2 + 2y 2 
f 1 + x* 1 Ans. y 2 — x 2 — 1. 

9. -What is the square root of 9a*6 4 - 30a 3 6 3 + 25a 2 6 2 ? 

Ans. 3a?b 2 — 5ab. 

10. Find the square root of ^ 

25a*b 2 — 40a 3 b 2 c + 76a 2 6 2 c 2 — 48a6 2 c 3 -f- 366 2 c 4 — 30a 4 5c 
+ 2ia 3 bc 2 — 36a 2 bc 3 + 9a 4 c 2 . 

Ans. 5a?b — 3a 2 c — 4abc + 66c 2 . 
i 
115. We will conclude this subject with the following 
remarks : 

1st. A binomial can never be a perfect square, since we 
know that the square of the most simple polynomial, viz : 
a binomial, contains three distinct parts, which cannot ex- 
perience any reduction amongst themselves. Thus, the 
expression a 2 + I 2 is not a perfect square ; it wants the 
term ±2a& in order that it should be the square of a ± b. 

2d. In order that a trinomial, when arranged, may be a 
perfect square, its two extreme terms must be squares, and 
the middle term must be the double product of the square 
roots of the two others. Therefore, to obtain the square 
root of a trinomial when it is a perfect square : Extract the 
roots of the two extreme terms', and give these roots the same 
or contrary signs, according as the middle term is positive or 
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negative. To verify it, see if the double product of the two 
roots is the same as the middle term of the trinomial. Thus, 

9a 6 — 48a 4 6 2 + 64a 2 6* is a perfect square, 

since -^/9afi = 3a 3 , and •/64a 2 6* = — 8a6 2 , 

find also 2 x 3a 3 x — 8a6 2 = — 48a*6 2 = the middle term. 

But, 4a 2 + 14a6 + 96 2 is not a perfect square : for, 
although 4a 2 and + 96 2 are the squares of 2a and 36, 
yet 2 X 2a x 36 is not equal to 14u6. 

3d, In the "series of operations required by the general 
rule, when the first term of one of the remainders is not 
exactly divisible by twice the first term of the root, we may 
conclude that the proposed polynomial is not a perfect 
square. This is an evident consequence of the course of 
reasoning, by which we have arrived at the general rule for 
extracting the square root. 

4th. When the polynomial is not a perfect.square, it may 
sometimes be simplified. (See Art. 104.) 



Take, for example, the expression -y/a 3 6 + 4a*6 2 + 4a5 3 . 

The quantity under the radical is not a perfect square ; 
but it can be put under the form ah (a 2 + 4a6 + 46 2 .) 
Now, the factor within the parenthesis is evidently the 
square of a + 26, whence we may conclude that, 

-/a 3 6 + 4a 2 6 2 + 4a6 3 = (a + 26) ^/ab. 



2. Reduce •y/2a 2 6 — 4a6 2 + 26 3 to its simple form. 

Ans. (a — 6) i/Zb. 

115. Can a binomial ever be a perfect power? Why not? When is 
a trinomial a perfect square ? When, in extracting the square root, we 
find that the first term of the remainder is not divisible by twice the 
root, is the polynomial a perfect power or not ? , 

9 



[gfj ELEMENTARY ALGEBRA. 



CHAPTER VI. 
Equations of the Second Degree. 

116. An Equation of the second degree is one in which 
the greatest exponent of'the unknown quantity is equal to 2 

If the equation contains two unknown quantities, it is of 
the second degree when the greatest sum of the exponents 
with which the unknown quantities are affected, in any 
term, is equal to 2. Thus, 

x 2 = a, ax 2 + bx = e, and xy + x = d 2 , 

are equations of the second degree. 

117. Equations of the second degree, involving a single 
unknown quantity, are divided into two classes : 

1st. Equations which involve only the square of the un- 
known quantity and known terms. These are called Incom- 
plete Equations. 

2d. Equations which involve the first and second powers 
of the unknown quantity and known terms. These are 
called Complete Equations. 

1 16. What is an equation of the second degree ? 

117. Into how many classes are equations of the second degree di- 
vided! What is an inconVplete equation ? What is a complete equation? 
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Thus, x 2 + 2x 2 -5=7 

and 5x 2 — 3x 2 — 4 = a 

are incomplete equations : and 

Zx 2 -5x -Sx 2 + a = b 
2X- — 8X 2 -— x —c = d 

are complete equations. 

Of Incomplete Equations. 

118. If we take an incomplete equation of the form 
14a; 2 — 8x 2 = 40 — 2x 2 
we have, by collecting the terms involving x\ 
8x 2 = 40, or x 2 = 5. 
Again, if we have the equation 

ax 2 + bx 2 + d=f, 
we shall have, 

(a + b)x 2 — f—d, and x 2 = , , = to, 

K ' J a+b • 

by substituting to for the known terms which compose the 
second member. Hence, 

Every incomplete equation can be reduced to an equation 
involving two terms, of the form 
x 2 = to, 

and from this circumstance the incomplete equations are 

often called equations involving two terms. 

From which we have, by extracting the square root of 

both members, . — 

x = ± y to. 

118. To what form may every incomplete equation be reduced 8 Whaf 
are incomplete equations often called ? 
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1. What number is that which being multiplied by itself 
the product will be 144 ? 

Let x — the number : then 

x x x = x z = 144. 

It is plain that the value of x will be found by extracting 
the square root of both members of the equation : that is 

-/H?= -/U4 : that is, x = 12. 

2. A person being asked how much money he had, said 
if the number of dollars be squared and 6 be added, the 
sum will be 42 : how much had he ] 

Let x = the number of dollars. 

Then, by the conditions 

x 2 + 6 = 42 : 

hence, x 2 = 42 — 6 = 36. 

and x = 6. 

» 

Ans. $6. 

3. A grocer being asked how much sugar he had sold to a 
person, answered, if the square of the number of pounds be 
multiplied by 7, the product will be 1575. How many 
pounds had he sold % 

Denote the number of pounds by x. 
Then by the conditions of the question 
7z 2 = 1575 : 
hence x* = 225 

and x = 15. 

Ant. 15, 
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4. A person being asked his age said, if from the square 
of my age you take 192, the remainder will be the square 
of half my age : what was his age ? 

Denote his age by x. 

Then by the conditions of the question 



192 



(*•)- 



and by clearing the fractions 

, Ax 2 - 768 = x 2 ; 
hence, 4a; 2 — x 2 = 768 

and Sx 2 = 768 

x 2 — 256 
x = 16. 



Am. 10 



5. What number is- that whose eighth part rnultipliisd bj 
its fifth part and the product divided by 4, shall give a quo- 
tient equal to 40 1 

Let x = the number. 

By the conditions of the question 

4 = 40, 





{h x 


H- 


nence, 




X 2 

160 


z=40 


by clearing 


of fractions, 










x 2 = 


= 6400 






X - 


= 80. 



Am. 80. 
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119. Hence, to find the value of x we have the follow 
ing 

ETJLE. 

I. Find the value of x 2 ; and then extract the square root 
of both members of the equation. 

6. What is the value of x in the equation 

8a; 2 + 8 = 5r J -10. 

By transposition 3a; 2 — 5a; 2 = — 10 — 8, 

by reducing — 2a; 2 = — 18, 

by dividing by 2, and changing the signs 

a 2 = 9, 

by extracting the square root, x = 3. 

We should, however, remark that the square root of 9, is 
either +3 or — 3. For, 

+ 3x+3=9 and — 3 x — 3 = 9. 

Hence, when we have the equation 

x 2 = 9, 

we have, x = + 3 and x = — 3. 

120. A root of an equation is any expression which being 
substituted for the unknown quantity, will satisfy the equa- 
tion, that is, render the two members equal to each other. 
This, in the equation 

a 2 = 9 

there are two roots, + 3 and — 3 ; for either of these 
numbers being substituted for x will satisfy the equation. 
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7. Again, if we take the. equation 

x 2 = m, 
we shall have 

x = + -\fm, and x = — y/~m. 
For, ( + -/^)* = m; 

and ( — i/m) 2 = m; 

Hence, we may conclude, 

1st. That every incomplete equation of the second degree 
has two roots. 

2d. That these roots are numerically equal, but have con- 
trary signs. 

8. What are the roots of the equation 

3s 2 + 6 = 4z 2 — 10. 

Ans. x = + 4 and x = — 4. 

9. What are the roots of the equation 

_* 2 _ 8 = _ +10 . 

Ans. x = + 9 and x = — 9. 

10. What are the roots of the equation 

4a; 2 + 13 - 2x 2 = 45. 

-4ras. x = + 4 and a; = — 4. 

119. How do you resolve an incomplete equation? 

120. "What is the root of an equation? What are the roots of the 
equation * a = 9 ? Of the equation x' = m ? How many roots has every 
incomplete equation ! How do those roots compare with each other ? 
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8. What are the roots of the equation 

6z 2 - 7 = 3a; 2 + 5. 

Ans. x = + 2, x — -2 

9. What are the roots of the equation 



8 + 5x* = ^r + 4x* + 28. 
5 

Ans. x = + 5, x = — 5. 

10. Find a number such that one-third of it multiplied 
by one-fourth shall be equal to 108 1 x 

Ans. 36. 

11. What number is that whose sixth part multiplied by 
its fifth part and product divided by ten, shall give a quo- 
tient equal to 3 ? 

Ans. 30. 

12. What number is that whose square, plus 18, shall be 
equal to half its square plus 30 \ 1 

Ans. 5. 

13. What numbers are those which are to each other as 
1 to 2 and the difference of whose squares is equal to 75 ? 

Let x = ■ the less number. 
Then 2x = the greater. 
Then, by the conditions of the question 
4x 2 — x 2 = 75, 
hence, 3z 2 = 75 ; 

and by dividing by 3, x 2 = 25 and x = 5, 
and 2x = 10. 

Ans. 5 and 10. 
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14. What two numbers are those which are to each other 
as 5 to 6, and the difference of whose squares is 44 1 

Let x = the greatest number. 
Then, — - x = the less. 

D 

By the conditions of the problem 





• 


X*- 


25 2 AA 

--^ = 44; 


by clearing effractions, 








36a: 2 - 


- 25a; 2 = 1584 ; 


hence, 






lis 2 = 1584, 


and 






s 2 = 144, 


hence, 






a; = 12, 


and 






A* = io. 



Ans. 10 and 12. 

15. What two numbers are those which are to each 
other as 3 to 4, and the difference of whose squares is 28 ? 

Ans. 6 and 8 

16. What two numbers are those which are to each othes 
as 5 to 11, and the sum of whose squares is 584 ? 

Am. 10 and 22. 

17. A says to B, my son's age is one quarter of yours, 
and the difference between the squares of the number? 
representing their ages is 240 : what were their ages 1 

. \ Eldest 10 

( Younger 4 
9 
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When there are two unknown quantities. 

121. When there are two or more unknown quantities, 
eliminate one of them by the rule of Article 11 : there will 
thus arise a new equation with but a single unknown quantity, 
the value of which may be found by the rule already given. 

1. There is a room of such dimensions, that the differ- 
ence of the sides multiplied by the less, is equal to 36, and 
the product of £he sides is equal to 360 : what are the 
sides ? 

Let x = the less side ; 

y = the greater. 

Then, by the first condition, 

(y — *)ar = 36; 
and by the 2d, X y = 360. 

From the first equation, we have 

xy — x* = 36 ; 
and by subtraction, x 2 = 324. 

Hence, x = -/32i" = 18 ; 



360 ™ 



Ans. x = 18, y = 20. 



121. How do you resolve the equation when there are two or more 
unknown quantities ? 
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2. A merchant sells two pieces of muslin, which together 
measure 12 yards. He received for each piece just so 
many dollars per yard as the piece contained yards. Now, 
he gets four times p much for one piece as for the "ther : 
how many yards in each piece ? 

Let x = the number in the larger piece ; 
y = the number in the shorter piece. 
Then, by the conditions of the question, 
x + y = 12. 
x x x = x 2 = what he got for the larger piece ; 
y x y = y 2 = what he got for the shorter. 
And x 2 — 4y 2 , by the 2d condition, 

x =. 2y, by extracting the square root. 

Substituting this value of a; in the first equation, we have 
y + 2y = l2; 
and consequently, y = 4, 

and x = 8. 

Ans. 8 and 4. 

3. What two numbers are those whose product is 30, and 
quotient 3£ ? Ans. 10 and 3. 

4. The product of two numbers is a, and their quotient 
b : what are the numbers ? 



Ans. yab and \/-r-. 



5. The sum of the squares of two numbers is 117. and 
the difference of their squares 45 : what are the numbers 1 

Ans. 9 and 6. 
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6. The sum of the squares of two numbers is a, and the 
difference of their squares is b : what are the numbers 1 

— h 



Ans. x= y ^ , y = y — 



2 

7. What two numbers are those which are to each other 
as 3 to 4, and the sum of whose squares is 225 1 

Ans. 9 and 12. 

8." What two numbers are those which are to each othe> 

as m to n, and the sum of whose squares is equal to a 2 1 

. ma~ na 

,Ans. 



ym 2 + n 2 y'm 2 -\- n 2 

9. What two numbers are those which are to each other 
as 1 to 2, and the difference of whose squares is 75 1 

Ans. 5 and 10 

10. What two numbers are those which are to each othe» 
as m to n, and the difference of whose squares is equa 
toi 2 ? 

mb nb 



Ans. 



ym 2 — n 2 ' y 1 m 2 ■ 



■ n' 

11. A certain sum of money is placed at interest for siy 
months, at 8 per cent, per annum. Now, if the amount bt 
multiplied by the number expressing the interest, the pro 
duct will be $502500 : what is the amount at interest ] 

Aim. §3750. 

12. A person distributes a sum of money between a num- 
ber of women and boys. The number of women is to the 
number of boys as 3 to 4. Now, the boys receive one 
half as many dollars as there are persons, and the women 
twice as many dollars as there are boys, and together they 
receive 138 dollars : how many women were there, and how 
many boys? 



{36 women. 
48 boys. 



Ans. 

' oys. 
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Of Complete Equations. 

122. We have already seen (Art. 117), that a complete 
equation of the second degree, contains the squa-e of the 
unknown quantity, the first power of the unknown qv^lifcy 
and known terms.' 

1. If we have the complete equation 

5a; 2 - 2x 2 + 8 = 9x + 32, 
we have, by transposing and reducing, 
3a; 2 - 9x = 24, 
and by dividing by 3, 

s; 2 — 3a; = 8, 
an equation containing but three terms. 

2. If we have the equation 

o 2 a; 2 + 3abx + x 2 =: ex + d, 

by collecting the co-efficients of x 2 and x, we ha -- 

(a 2 + l)a.' 2 + (3ab-c)x = d; 

and dividing by the co-efficient of x 2 , we have 

„ , Sab — c d 

x i -\ x — . 

T a 2 + 1 a 2 + 1 



122. How many terms does a complete equation of the second deg'ioV 
contain ! Of what is the first term composed J The second ? The 
third! 
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If we represent the co-efficient of x by 2p, and the known 
term by q, we have 

x 2 + 2px = q, 

an equation containing but three terms : hence, 

Every complete equation of the second degree may- be re- 
duced to an equation containing but three terms. 

123. We wish rrow to show that there may be four forms 
under which this equation will be expressed, each depending 
on the signs of 2p and q. 

1st. Let us, for the sake of illustration, make 
2p = + 4, and q =. + 5 : 
we shall then have x 2 + 4x = 5. 

2d. Let us now suppose 

2p = — 4, and q = + 5 : 
we shall then have x 2 — 4x = 5. 

3d. If we make 

2p = + 4, and q = — 5, 
we have x 2 + 4x = — 5. 

4th. If we make 

2p = — 4, and q = — 5, 
we have x 2 — 4x = — 5. 



123. Under how many forms may every equation of the second de- 
gree be expressed ? On what will these forms depend ? What are the 
iflgna of the co-efficient of x and the known term, in the first form? 
What in the second? Wha' in the third ? What in the fourth I Repeat 
the four forma. 
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We therefore conclude, that every complete equation of 
the second degree may be reduced to one of these forms : 

x 2 + 2px = -f- q, 1st form. 

x 2 — 2px = + q, 2d form. 

x 2 + 2px = — - q, 3d form. 

x 2 — 2px = — q, 4th form. 

124. Remark. — If, in reducing an equation to either of 
these forms, the second power of the unknown quantity 
should have a negative sign, it must be rendered positive 
by changing the sign of every term of the equation. 

125. We are next to show the manner in which the value 
df the unknown quantity may be found. We have seen 
(Art. 38), that 

(x +p) 2 = x 2 + 2px +p 2 ; 

and comparing this square with the first and third forms, we 
see that the first member in each contains two terms of the 
square of a binomial, viz : the square of the first term plus 
twice the product of the 2d term by the first. If, then, we 
take half the co-efficient of x, viz : p, and square it, and add 
the result in each equation, to both members, we have 

x 2 + 2px + p 2 = q + p 2 , 
x 2 + 2px + p 2 = — q +p 2 , 

in which the first members are perfect squares. This is 

124. If in reducing an equation to either of these forms the co-effi- 
cient of x* is negative, what do you do ? 

125. AVhat is the square of a binomial equal to ? What does the 
first member in each form contain i Hgw do you render the first mem- 
ber a perfect square ? What is this called ? 
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called completing the square. Then, by extracting the 
square root of both members of the equation, we have 



x 



+ p = ±Vv+p 2 > 



and x + p = ± -\/ — q + p 2 , 

which gives, by transposing p, 



■p± y/q + p 2 , 



X = — p ± -y/ — q + p 2 . 

126. If we compare the second and fourth forms with 
the square 

(x — p) 2 = x 2 — 2px + p 2 , 

we also see that half the co-efficient of x being squared and 
the result added to both members, will make the first mem- 
bers perfect squares. Having made the additions, we have 

x 2 — 2px -f- p 2 = q + p 2 , 
x 2 — 2px + P 2 = — q + p 2 . 

Ther., by extracting the square root of both members, we 
have 

x—p = ±y/q+p 2 , 



and x — p = ±-y/—q +p 2 ; 

and by transposing —p, we find 



x 



—p^Vq+p 2 , 



and x =p±-y/— q -\- p 



2 



126. In the second form, how do you make the first member a perfect 
square I 
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127. Hence, for the resolution of every equation of the 
second degree, we have the following 

RULE. 

I. Reduce the equation to one of the four forms. 

II. Take half the co-efficient of the second term, square it, 
and add the result to both member's of the equation. 

III. Then extract the square root of both members of the 
equation ; after which, transpose the known term to the second 
member. 

Ebmark. — The square root of the first member is alwayf 
equal to the square root of the first term, plus or minus 
' half the co-efficient of the first power of the unknown 
quantity. 

EXAMPLES OF THE FIRST FORM. 

1. What are the values of x in the equation 

2a: 2 + Sx = 64 % 
If we first divide by the co-efficient 2 we obtain 
* A + Ax = 32. 
Then, completing the square, 

x 2 + Ax + 4 = 32 4- 4 = 36. 
Extracting the root, 

* + 2 = tfc yM = + 6 or — 6. 
Hence, x= — 2 + 6 = + 4 ; 

or, * = — 2 — 6 — — 8. 

127. Give the general rule for resolving an equation of the second 
degree. What is the first step ? What the second ? What the third ? 
What is the 6quare root of the first member always equal to ? 
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. . hence, in this form, the smaller root is positive, and ths 
larger negative. 

Verification. 

If we" take the positive value, viz : x = + 4, 

the equation x 2 + 4a: = 32 

gives 4 2 + 4 X 4 = 32 : 

and if we take the negative value of x, viz : x = — 8, 

the equation x 2 + 4a; = 32 

gives ( - 8) 2 + 4 (— 8) = 64 - 32 = 32 ; 

from which we see, that either of the values of x, vb 
*=+4 or x = — 8, will satisfy the equation. 

2. What are the values of a: in the equation 

3a: 2 + 12a; - 19 = - x 2 - 12a; + 89 ? 
By transposing the terms we have 

3a; 2 + x 2 + 12* + 12a; = 89 + 19 : 
and by reducing, 

4a: 2 + 24x = 108 ; 
and dividing by the co-efficient of x 2 , 
x 2 + 6x = 27. 
Now, by completing the square, 

x 2 + Gx + 9 = 36, 
extracting the square root, 

* + 3 = ± -y/M = + 6 or — 6 : 
hence, a;=+6 — 3 = +3; 

or, x = — 6 — 3 = — 9. 
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Verification. 
If we take the plus root, the equation 
* 2 + 6* = 27 
gives (3) 2 + 6 (3) = 27 ; 

and for the negative root, 

* 2 + 6a = 27 
gives (-9) 2 + 6(-9) = 81-54 = 27. 
4. What are the values of a; in the equation 

* 2 — 10* + 15 = %- - 34* + 155. 
5 

By clearing of fractions, we have 

5* 2 - 50* + 75 = * 2 - 170* + 775 : 
by transposing and reducing, we obtain 
4* 2 + 120* = 700 ; 
then, dividing by the co-efficient of * 2 , we have 

* 2 + 30a = 175 ; 
and by completing the square, 

* 2 + 30* + 225 = 400 ; 
and by extracting the square root, 

* + 15 = ± -/400 = + 20 or — 20. 
Hence, * = + 5 or — 35. 

Verification. 
For the plus value of *, the equation 
* 2 + 30* = 175 
eives (5) 2 + 30 X 5 = 25 + 150 = 175. 
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And for the negative value of x, we have 

( _ 35)2 + 30 (_ 35) = 1225 - 1050 = 175. 
5. What are the values of x in the equation 

Clearing of fractions, we have ■ 

10a: 2 — 6z + 9 = 96 — Sx — 12a; 2 + 273 ; 
transposing and reducing, 

22a: 2 + 2z = 360 ; 

dividing both members by 22, 

2 _ 360 
X + 22 :E - 22* 

Add (55) to both members, and the equation becomes 

/ J_\ 2 _ 360 (IV 
\22/ _ 22 + V22/ ' 



x2+ i x 



whence, by extracting the square root, 

1 /360 7TT 2 

a: + 22 =± V^- + l22J 

therefore, 



1 /360 , / 1 y 

X =~22 + \/zi + \vi)\ 

22 V 22 ^\22/ 
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It remains to perform the numerical operations. In the 

nrst place, -jjh"+ (sh) must De reduced to a single num- 

ber, having (22) 2 for its denominator. 

360 /J_\ 2 _ 360 x 22 + 1 _ 7921. 
' 22 + W _ (22) 2 ~ (22) 2 ! 

extracting the square root of 7921, we find it to be 89 ; 
therefore, 



V22 T \22/ 22 



Consequently, the plus value of x is 

J_ 89_88_ 
X ~ 22 + 22 _ 22 _ ' 

and the negative value is 

X ~ 22 22" 11'. 

that is, one of the two values of x which will satisfy the 
proposed equation is a positive whole number, and the other 
a negative fraction. 

6. What are the values of x in the equation 

3a; 2 + 2x - 9 = 76. 

/ j* = 5 

Ans. i 

( x = - 5§ . 

7. What are the values of x in the equation 

2a; 2 + 8a; + 7 =^-^-+197. 

Ans. \ . 

[x= — 11 T \. 



206 ELEMENTARY 'HSBJEl. 

8. Whai are the values of x in the equation 

!-T+ 15 =ir- 8a:+95 *- 

AnS -\l2-6Q. 

9. What are the values of a; in the equation 



Ans. 



U = 2 



10. What are the values of a; in the equation 



¥ + T — T~ Io + 20" 



Ans. 



U=-2l. 
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1. What are the values of a; in the equation 
& — 8x + 10 = 19. 
By transposing, 

x 1 — 8x = 19 — 10 = 9, 
then by completing the square 

x* — Sx + 16 = 9 + 16 = 25, 
and by extracting the root 

x — 4=± -v/25 = +5 or —5. 
Hence, 

z = 4 + 5 = 9 or a; = 4 — 5= — 1. 

That is, in this form, the larger root is positive and the 
lesser negative. 
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Verification. 

If we take the positive value of x, the equation 

a; 2 - 8x = 9 gives, (9) 2 -8x9 = 81 -72 = 9; 

and if we take the negative value, the equation 

a; 2 -8a; = 9, gives, ( - l) 2 -8 ( - 1) = 1 + 8 = 9; 

from which we see that both values alike aawsfy the equa- 
tion. 

2. What are the values of x in the equation 

By clearing of fractions, we have 

q x i + 4 X _180 = 3a; 2 + 12* - 177, 
and by transposing and reducing 

3a; 2 — 8a; = 3, 
and dividing by the co-efficient of a; 2 , we obtain 

2 8 i 

x 2 — — x = 1. 

o 

Then, by completing the square, we have 

* 8 jl 16 _i j. 16 - 25 . 
* ~"3* + "9 + 9 ~ 9 ' 



and by extracting the square root, 




4 /25 , 5 5 
*--3 =± V-9- =+ 3 ° r -8" 




Hence, 




4 . 5 , _ 4 5 
'"-S + S- 4 " 3 ' ° r *-8 3" 


1 

3 
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Verification. 
For the positive value of x, the equation 

gives 3 ! -|x3 = 9-8=l: 

o 

and for the negative value, the equation 

a? — — x = l 
3 

/ 1 \* 8 1 1,8, 

pTOB ^- ¥ J __ X __ = _ + _ = L 

3. What are the values of a in the equation 

Clearing of fractions, and dividing by the co-efficient of 
**, we have 

z 2 — — x — 1A 
V 3 ^ - In- 
completing the square, we have 

- 2 . x _n . 1 _ 49 
*~ 3 7+ 9 T + "9-36' 

then, by extracting the square root, we have 

, 1 .«- /^ , 7 7 

Z ~3 =± V36 = + 6' ° r -0 ; 
aence, 

„ X T 9 ii 1 7 5 
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Verification. 
If we take the positive value of x, the equation 

* 2 - 4 * = H 

gives, (li)«-|xli = 2J-l = li: 

»nd for the negative value, the equation 

*_.|* = ii 

/ 5 \ 2 2 5 25 , 10 45 , . 

glveS) (__) __ x __ = _ + _ = _ = l i . 

4. What are the values of a; in the equation 

4a 2 — 2x 2 + 2ax = 18ab - 186 2 ? 

* 
By transposing, changing the signs, and dividing by 2, the 

equation becomes 

x 2 — ax = 2o 2 — 9ab + 96 2 ; 
whence, completing the square, 

a* _ ax + ^ = ^- - 9a5 + 9J 2 ; 
4 4 

extracting the square root, 

x = ^±^/^--9ab + 9b 2 . 

9a 2 
Now, t^e square root of — 9ab -f- 95 2 , is evidently 

^ - 36. Therefore, 

« / Sa OI \ {*= 2a — 8S 

10 
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What will be the numerical values of x, if we suppose 
B = 6and6 = l? 

5. What are the values of a; in the equation 

i_a:_4_ a? + 2x — ^-x 2 = 4& -Sx 2 + 4xf 

ix = 7.12 ) to within 
Ans - 1 s= -5.73) 0.01. 

6. What are the values of x in the equation 

8a; 2 — 14a: + 10 = 2x + 34 ? 

Ans. \ ' 

I x = — 1. 



7. What are the values of a; in the equation 



— — 30 + a; = 2a: — 22? 
4 



Ans. 
8. What are the values of 3 in the equation 



{::- 



= 8. 
4. 



x 2 -Sx + — = 9x+13%1 

<0 



Ans. 

9. What are the values of a: in the equation 
2ax — x 2 = — 2ob — b 2 l ' 



\x= 9. 
•1,= -1. 



Ans, 



•I: 



2a + b. 
x=-b. 
10. What are the values of a; in the equation 

a 2 + b 2 - 2bx + x 2 =.""** % 
n 2 

x = n 2 -m 2 ( bn + V<W + W-«*4 
Ans. i ' 
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EXAMPLES OF THE THIRD FORM. 

1. What are the values of a; in the equation 

x 2 + ix = — 3 ? 
First, by completing the square, we have 
a: 2 + 4a; + 4=-3 + 4=l ; 
and by extracting the square root, 

x + 2 = ± -/T = + 1, or, - 1 : 
hence, as=— 2 + 1 = — 1; or x=. — 2 — 1 = — 3. 
That is, in this form both the roots are negative. 

Verification. 

If we take the first negative" value, the equation 
z 2 + 4a:=-3 
gives, (-l)» + 4(-l) = l-4=-8; 

and by taking the second value, the equation 

x 2 + 4x= —3. 
gives, (- 3) z + 4(- 3) = 9 - 12 = - 3 : 

hence, both values of x satisfy the given equation. 

2. What are the values of x in the equation 

- — - bx - 16 = 12 + \-x 2 + 6a. 

By transposing and reducing, we have 
-x 2 -11a = 28; 

then since the co-efficient of the second power of x is nega- 
tive, we change the signs of all the terms, which gives 

> x 2 + 11» = —28, 
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then by completing the square 

x* + llx + 30.25 = 2/25, 
hence, 

a + 5.5 = ±-/2iJ5 = + 1.5 or —1.5; 
consequently, 

x= — 4 or x= — 7. 
3. What are the values of s in the equation 



-J - 2x - 5 = -Js* + 5* + 5. 



tt:: 



.4ns. ■{ ~ 



4. What are the values of * in the equation 

2*» + 8*=-2f— %-x. 

-4. 

5. What are the values of * in the equation 



Ans. \ 

I x = 



4s t +4-x + 3x= — 14x — 31-4*". 
o 



Ans. 

6. What are the values of r in the equation 
3 4a 2 






8. 
7. What are the values of a; in the equation 



Ans. \ 



-^«» + 7x + 20 = - !.*» _ Hx _ 60. 



{::: 



a*. r-~ 10 - 

6. 



EQUATIONS OF THE SECOND DEGREE. 213 



8. What are the values of x in the equation 




| a;2 _ a; + .l = _ 9 l a: _I a;2 _.l.. 




Ans. \ ~ 
( x = 


-8 
_ i 

8" 


9. What are the values of x in the equation 




4 2 , k , 1 1 2 r 1 3 

- a» + 5s + - = - - z 2 - 5^ - - . 




Ans. \ 

i x = 


-10 

1 
T5 


10. What are the values of x la the equation 




x — x % — 3 — Qx + 1. 




A { * = 


-4 



11. What are the values of a in the equation 
x 2 .+ 4x-90= -93. 

Ans - {* = ll 

EXAMPLES OF THE FOURTH FORM. 

1. What are the values of x in the equation 
x 2 - 8x = - 7. 
By completing the square we have 

a 2 - 8z + 16 = - 7 + 16 = 9 ; 
then by extracting the square root 

* — 4=ib-/9=+3 or -3; 

hence, 

a= + 7 or x = + 1. 

That is, in this form, both the roots are positive. 
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i 

Verification. 
]£ we take the greater root, the equation 
x 2 - 8* = - 7 gives 7 2 -8X7= 49 -56 = — 7 ' 
and for the less, the equation 

■ 8* = — 7 gives P — 8x1 = 1— 8=— 7: 



.2 . 



X 

hence, both of the roots will satisfy the equation. 

2. What are the values of a; in the equation 

40 
- \\x 2 + 3x - 10 = l\x 2 - 18* + — • 

By clearing of fractions we have 

- 3a; 2 + 6* — 20 = 3x 2 — 36z + 40 ; 

then by collecting the similar terms 

— 6z 2 + 42a; = 60 ; 

then by dividing by the co-efficiqnt of x 2 , and at the same 
time changing the signs of all the terms, we~have 

x 2 — 7x = — 10. 

By completing the square, we have 

x 2 -1x + 12.25 = 2.25, 

and by extracting the square root of both members, 

x -3.5 = ± V2.25 = + 1.5 or — 1.5 ; 
hence, 

x = 3.5 + 1.5 = 5, or x = 3.5 — 1.5 = 2. 



EQUATIONS OF THE SECOND DEGREE. 215 

f ., 

Verification. 

If we take the greater root, the equation 
x 2 - ix = - 10 gives 5 2 - 7 X 5 = 25 - 35 = - 10 ; 
and if we take the lesser root, the equation 
x 2 - Ix = - 10 gives 2 2 - 7 X 2 = 4 - 14 = - 10. 

3. What are the values of a; in the equation 
- 3ai + 2a; 2 + 1 = 17f x - 2a 2 - 3. 
By transposing" and collecting the terms, we have 



; 


ix 2 — 20£a: = — 4 ; 




then dividing by the co-efficient of x 2 , we 


have 




x 2 — 5£x = — 1. 




By completing the 


square, we obtain 




x 2 — 5 j-a 


169 169 

+ 25 ~" + 25 


144 
= 25"' 


and by extracting 1 


;he root 




*-H = 


/144 , 12 12- 
± V^5- = - + -5- ° r "T* 


hence, 







« = 2J + — = 5 ; or, x = 2%-— = — . 



Verification. 

If we take the greater root, the equation 
x* - 5}x = - 1, gives, 5 2 - 5} x 5 = 25 - 26 = - 1, 
and if we take the lesser root, the equation 
, .i , • /M ! ,., 1 1 26 
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4. What are the values of x in the equation 

L X 2 _ 3x+ ±. = _ 1- X 2 + ±. x _ * 
1 2 7 4 4 



Ans. 
5. What are the values of a; in the equation 

- 4a; 2 - y x + l r= — 5x * + 8 * ? 

Ans. 



6. What are the values of x in the equation 

^20 40 20 T 4(T 

.4ns. 



j*=3. 

C z = 8. 

2 



7. What are the values of a; in the equation 

a 2 -10^2:=— 1? 

8. What are the values of a; in the equation 

17z 2 - <2jA 

27* + -jr- + 10O = ^- + 12* - 26? 

Ans. 

9. What are the values of a: in the equation 

8a; 3 ix 2 

-| 22a; + 15= -_ + 2Sa:-30? 



I x = 6. 



Ans. \ 

{x = l 

10. What are the values of a: in the equation 



2a? - 30a; + 3= - a; 2 + 3^a; - — ? 

Ans 



(a: = 11 
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Properties of the Boots. 

128. We have thus far, only explained the methods of 
inding the roots of an equation of the second degree. We 
are now going to show some of the. properties of these roots. 

First form. 

129. In the first form 

x 2 + 2px = q ; 
hence, 1st root x = ■*- p + -y/q + p 2 , 

2d root x r= — p — -\/g + p 2 , 

and their sum = — 2p. 

Since, in this form q is supposed positive, the quantity 
q + p 2 under the radical sign will be greater than p 2 , and 
hence its root will be greater than p. Consequently, the 
first root, which is equal to the difference between p and 
the radical, will be positive and less than y'g + p 2 . In the 
second root, p and the radical have the same sign ; hence, 
the second root will be equal to their sum, and negative. 
If we multiply the two roots together,' we have 



— p + i/q +p 2 
-p — Vq+p 2 
+ p 2 —py/q +p 2 

+ pVq + P 2 — q —p* 

Product equal to — q. 



129. In the first form, have the roots the same or contrary signs ! 
What is the sign of the first root? What of the second? Which i» 
the greater ? What is their sum equal to ? What is their prod'v 
•equal to ? 

10 
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Hence we conclude, 

1st. That in the first form, one of the roots is always posi- 
tive and the other negativt 

2d. That tlie positive root is numerically less than the 
negative root. 

3d. Thai the sum. of the two roots is equal to the co-efficient 
of x t» the second term, taken with a contrary sign. 

4th. That the product of the two roots is equal to the 
second member, taken with a contrary sign. 

EXAMPLES. 

1. In the equation 

x 2 + x — 20, 

we find the roots to be 4 and — 5." Their sum is — 1, and 
their product — _20. 

2. In the equation 

z* + 2x = 3, 

we find the roots to be 1 and — 3. Their sum is equal to 
— 2, and their product to — 3. 

3. The roots of the equation 

x 2 -\-x~W, 

are + 9 and - 10. Their sum is - 1, aca their product 
-90. 

4. The roots of the equation 

z 2 + 4.r=60, 

are 6 and — 10. Their sum is — 4. and their product is 
-GO. 
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Let these principles be applied to each of the examples 
under " examples of the first form." 



Second Form. 

130. The second form is, 

x 2 — 2px = q ; 
and by resolving the equation we find 



.2 



1st root, x = + p + -\/ q +£* 

2d root, x—-\-p — tJ q + p' 

and their sum = 2p. 

In this form, the first root is positive and the second 
negative. If we multiply the two roots together, we have 

(p + VT+¥) x (p - VY+¥) = -q- 

Hence, we conclude, 

1st. That in the second form, one of the roots is positive 
and the other negative. 

2d. Tliat the positive root is numerically greater than the 
negative root. 

3d. That the sum of the roots is equal to the co-efficient of 
x in the second term, taken with a contrary sign. 

4th. That the product of the roots is equal to the second 
member, taken unlh a contrary sign. 



130i What is the sign of the first root in the second form 3 What is 
the siyn of the second ? Which is the greater ? What is their sum 
equal to t What is their product equal to ! 
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ITTAMTTEa 



1. The roots of the equation 

a? - x = 12, 
are + 4 ard — 3. Their sum is + 1, and their product 
— 12. 



2. The roots of the equation 

\ 

lb 

is — 1. 



are + 10 and — — - Their sum is 9^, and their product 



3. The roots of the equation 

x" — 6* - 16, 
are + S and — 2. Their sum is + 6, and their product 
is -16. 

4. The roots of the equation 

X* — 11* = SO, 
are +16 and — 5. Their sum is -f- 11, and their product 
is —60. 

Let these principles be applied to each of the examples 
under " ktampi.es of the secoxd form." 

Tklri Jform. 
131. lie third form is, 

*» + 2rr = _ f ; 
and by resolving the equation, -re find, 

1st root, i = — p + -/_ j+j* 

2d root, z — — p — -/ — q+p* 

and their sum is = — 2p. 
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In this form, the quantity under the radical being less 
than p 2 , its root will be less than p : hence, both the roots 
will be negative, and the first will be numerically the least. 

If we multiply the roots together, we have 

( —p + V ~ 2+P 2 ) X ( — p — V — q + P 2 ) = + q- 

Hence, we conclude, 

1st. That in the third form both the roots are negative. 

2d. That the first root is numerically less than the second. 

3d. That the sum of the two roots is equal to the co-efficient 
of x in the second term, taken with a contrary sign. 

4th. That the product Of the roots is equal to the second 
member, taken with a contrary sign. 

EXAMPLES. 

1. The roots of the equation 

x 2 + 9x= — 20, 

are — 4. and — 5. Their sum is — 9, and their product 
+ 20. 

2. The roots of the equation 

x 2 + lSx = — 42, 

are — 6 and — 7. Their sum is — 13, and their product 
+ 42. 



131. In the third form, what are the signs of the roots? Which root 
ia the least ? What is the sum of tht> roots equal to ? What is their 
product equal to ? 
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3. The roots of the equation 

*2 + 2fz = -l|, 

are — — and — 2. Their sum is — 2f , and their product 

+ 1*. 

4. The roots of the equation 

x 2 + 5% = — 6, 

are — 2 and — 3. Their sum is — 5, and their product 
ia.4-6. 

Let these principles be applied to each of the examples 
under " examples of the third form." 

Fourth Form. 
132. The fourth form is, 

x 2 — 2px = — q ; 
and by resolving the equation we find, 



1st root, x = p + -y/ — q -\- p 



,2 



,2 



2d root, x = p — \/ — q +p 

Their sum is =: 2p. 

In this form, as well as in the third, the quantity under 
the iadical sign being less than p 2 , its root will be less than 
p : hence both the roots will be positive, and the first will 
be the greater. 

If we multiply the two roots together, we have 
{p + V -q+P 2 ) X(p~ V ~2+P 2 ) = +g.- 
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Hence we conclude, 

1st. That in the fourth form, both the roots are positive. 

2d. That the first root is greater than the second. 

3d. That the sum of the roots is equal to the co-efficient of 
x in the second term, taken with a contrary sign. 

4th. That the product of the roots is equal to the second 
member, taken with a contrary sign. 

EXAMPLES. 

1. The roots of the equation 

x* - Ix = - 12, 

are + 4 and + 3. Their sum is + 7 and their product 
+ 12. 

2. The roots of the equation 

' x 2 — Ux = — 24, 

are + 12 and +2. Their sum is + 14 and their product 
r-24. 

3. The roots of the equation 

z 2 - 20* = — 36, 

are +18 and + 2. Their sum is + 20 and their product 
+ 36. 

4. The roots of the equation 

x^-Ytx- -42, 
are + 14 and + 3. Their sum is + 17 and their product 
+ 42. 

132i In the fourth form, what are the signs of the roots % Which root 
ia the greater ? What is the sum of the roots equal to ? What is their 
product equul to? 
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133. In the third and fourth forms the values of x some 
times become imaginary, and in such cases it is necessary 
to know how the results are to he interpreted. 

If we_have q > p 2 , that is, if the second member i s greater 
than half the co-efficient of x squared, it is plain that ■y/ —q+p 1 
will bejmaginary, since the quantity under the radical sign 
will be* negative. Under this supposition the values of x, 
in the third and fourth forms, will be imaginary. 

We will now show that, when in the third and fourth 
forms, we have q > p 2 , the conditions of the problem will 
be incompatible with each other. ' 

134. Before showing this we will demonstrate a proposi- 
tion on which the proof of the incompatibility depends : viz. 

If a given number be decomposed into two parts and those 
parts multiplied together, the product will be the greatest pos- 
sible when the parts are equal. 

Let 2p be the number to be decomposed, and d the dif- 
ference of the parts. Then 

p -) — the greater part (page 104, Ex. 7.) 

d 
and p — — = the less part ; 

d 2 
and p 2 — — = P, their product (Art. 40.) 

Now, it is plain that P will increase as d diminishes, and 
that it will be the greatest possible when d = : that is, 
p xp —P 2 is the greatest product. 



133i In •which forma do the values of x become imaginary? "When 
will the values of x be imaginary ? Why will the values of x be then 
imaginary ? 
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Now, since in the equation 

x 2 — 2px = — q 

2p is the sum of the roots, and q their product, it follows 
that q can never be greater than p\ The conditions of the 
proposition, therefore, fix a limit to the value of q, and if 
we make q > p 2 , we express by the equation a condition 
which cannot be fulfilled, and this impossibility is made 
apparent by the values of x becoming imaginary. Hence, 
we may conclude that, 

When the values of the unknown quantity are imaginary, 
the conditions of the proposition are incompatible with each 
other. 

EXAMPLES. 

1. Find two numbers whose sum shall be 12 and pro 
duct 46. 

Let x and y be the numbers. 
By the 1st condition, x + y = 12 ; 
and by the 2d, xy = 46. 

The first equation gives 

x = 12 — y. 
Substituting this value for x in the second, we have 

\2y - y 2 = 46 ; 
and changing the signs of the terms, we have 
y 2 — 12y = — 46. 

184i What is the proposition demonstrated in Article 134? If the 
conditions of the question are incompatible, how will the values of the 
unknown quantity be ? 

10* 
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Then, by completing the square 

y* - I2y + 36 = -46 + 36 = - 10 



which gives y = 6 + V — 10, 



and y = 6 — ^/ — 10 ; 

both of which values are imaginary, as indeed they should 
be, since the conditions are incompatible. 

2. The sum of two numbers is 8, and their product 20 • 
what are the numbers ? 

Denote the numbers by x and y. 
By the first condition, 

x + y = 8; 
and by the second, xy = 20. 

The first equation gives 

x = 8 — y. 
Substituting this value of x in the second, we have 
8y - y* = 20 ; 
changing the signs, and completing the square, we have 

2/ 2 -8y + 16 = -4; 
and by extracting the root, 

y = 4 + y — 4 and y = 4 — -/ — 4. , 
These values of y may be put under the forms (Art. 106) 
y = 4 + 2 •/ — 1 and y = 4 — 2 <f=T. 

3. What are the values of a; in the equation 

x 2 + 2x = - 10. 

* = — 1 + 3 •/"=-. 
x = - 1 — 3 -/^l. 
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Examples involving more than one unknown quantity. 

1. Given \ x ~> V~ ' , „„ >• to find x and y. 
\ x 2 + y 2 = 100 ) * 

By transposing y in the first equation, we have 
x = 14 — y ; 
and by squaring both members, 

x 2 = 196 - 28y.+ y 2 . 
Substituting this value for x 2 in the 2d equation, we have 
196 - 28y + y 2 + y 2 = 100 ; 
from which we have 

jr> - 14y = - 48 ; 
and by completing the square, 

y 2 - Uy + 49 = 1 ; 
and by extracting the square root, 

y — 7 = ± VT = + 1 or - 1 ; 
hence, y = 7 + 1 = 8, or y = 7 — 1 = 6. 

If we take the greater value, we find x = 6 ; and if we 
take the lesser, we find x = 8, 

Verification. * 

For the greater value, y = 8, the equation 

x -\- y = 14 gives 6 + 8 — 14 ; 
and x 2 + y 2 — 100 gives 36 + 64 = 100. 

For the value y = 6, the equation 

x -\- y =z 14 gives 8 + 6 = 14 ; 
and s 2 + y 2 = 100 gives 64 + 36 = 100. 

Hence, both sets of values will satisfy the given equation. 
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2. Given \ x ~ y = 3 l to find x and y. 
{ x 2 - y 2 = 45 J 

Transposing y in the first equation, we have 
x = 3 + y; 
and then, squaring both members, 

x 2 = 9 + 6y + y 2 - 
Substituting this value for <x 2 , in the second equation, we 
have 

9 + 6y+y 2 -y 2 = ±5; 

whence we have 

6y = 36 and y = 6. 
Substituting this value of y, in the first equation, we have 
x — 6 = 3, 
and consequently 2 = 3 + 6 = 9. 

Verification. 

x — y = 3 gives 9 — 6 = 3; 
and x 2 —y 2 = 45 gives 81 — 36 = 45. 

Subtracting the first equation from the second, we have 
2y 2 = 18, 
which gives y 2 = 9, 

and y = -+- 3, or — 3. 

Substituting the plus value in the first equation, we have 
x 2 + 9x = 22 ; 
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from which we find 

x = + 2 and x = — 11. 

If we take the negative value, y = — 3, we have from the 
first equation, 

x 2 — 9x = 22 ; 
from which, we find 

. a; = + 11 and x=—2. 

Verification, 

For the values y = + 3. and x = + 2, the given equation 

x 2 + 3xy = 22 

gives 2 2 + 3x2x3 = 4+ 18 =22; 

and for the second value, x = — 11, the same equation 

x 2 + Sxy = 22 

gives, ( - ll) 2 + 3 X : — 11 X 3 = 121 - 99 = 22. 

If now we take the second value of y, that is, y — — 3, 
and the corresponding values of x, viz., x = + 11, and 
x = — 2 ; for x = + 11, the given equation 

» 2 + 3xy = 22 
gives, ll z + 3 X 11 X -3 = 121 -99 = 22; 
and for x = — 2, the same equation 

x 2 + 3»y = 22 
gives, (_2) 2 + 3 X -2 X -3 = 4 + 18 = 22. 

r xz = y 2 (1) 

4. Given 1 x + y + g = 7 (2) £ to find a, y, and z. 
( .32 4. 3,2 4. g 2 _ 21 (3) 
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Transposing y in the second equation, we have 

■ x + z = 7 - y (4) ; 

then squaring the members, we have 

x 2 + 2xz + z 2 = 49 — 14y + y\ 

If now we substitute for 2xz its value taken from the 
first equation, we have 

x 2 + 2y 2 '+ z 2 = 49 — Uy + y* ; 

and cancelling y 2 , in each member, there results 

x 2 + y 2 + z 2 = 49 - 14y. 

But, from the third equation we see that each member o< 
the last equation is equal to 21 : hence 

49 - Uy = 21, 
and 14y = 49 - 21 = 28 ; 

u 28 o 

hence. y — — r = 2. 

14 

Placing this value for y in equation (1), gi<ves 

xz"=4; 

and placing it in equation (4), gives 

x -\- z = 5, and x = 5 — s. 

Substituting this value of x in the previous equation, wo 
obtain 

5z — z 2 = 4, or z 2 — 5z = — 4 ; 

and by completing the square, we have 

z 2 - 5z + 6.25 = 2.5, 

and z-2.5= ± -/2l5 = + 1.5 or —1.5; 

hence, z = 2.5 + 1.5 = 4 or z = + 2.5. - 1.5 = 1. 
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If we take the value 

z = 4, we find x = 1 : 
if we take the lesser value 

s = l, we find x = 4. 

3. Given a; + <i/ay + y = 19 | , „ , , 

' v „ ,„„ r to find * and u. 

and a 2 + sy + y 2 = 133 ) " 

Dividing the second equation by the first, we have 
x— -yfxy + y = 7 

but, * + -y/Hy + y = IS 

hence, by addition, 2a: + 2y = 26 

or x + y = 13 

and substituting, in lstequa. -v/iy+ 13 = 19 
or, by transposing -\/~ry— 6 



and by squaring ' 


xy = 36. 


Equation 2d, is 


s 2 + sy + y 2 = 133 


and from the last, we have 


3a;y r= 108. 


Subtracting 


x 2 — 2xy 4- y 2 = 25 


hence, 


a; — y = ± 5 


but 


a; + y= 13 


hence x = 9 or 4 ; 


and y = 4 or 9. 



6. Given the sum of two numbers equal to a, and the 
sum of their cubes equ&l to c, to find the numbers. 



By the conditions 1 , . . 

( x* + y 3 = c. 
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Putting a. *= s + s, and y = s — t, we have 

a 
2 

\ y 3 = s 3 — 3s 2 z + 3sz 2 — z 3 . 
hence, b r addition, x 3 + y 3 = 2s 3 + 6sz 2 = c, 



a = 2s, or * = — 5 

, x 3 = s 3 + 3s 2 z + 3ss 2 + z 3 
and. 



, , c-2s 3 , /c-2s 3 . 

whence. z 2 = — - — and z = ± \ / — = — j 
6s V 6s 

Ic —2s 3 , / c — 2s s 

or, « = , ±v /__; and y = s+ N /-^-; 

or, by putting for s its value, 



~2 VI 3a ;-2 ± VT2T-' 



y 2V\3a/ 2 + V 12a 

Note. — What are the numbers when a = 5 and c — 35. 
What are the numbers when a = 9 and c — 243 ? 



QUESTIONS. 

1. Find a number such, that twice its square, added to 
three times the number, shall give 65. 

Let * denote the unknown number. Then the equation 
of the problem will be* 

2a; 2 + 3a; = 65, 
whence, • 



3 ^ /65 , 9 3 ^23 



16 



EQUATIONS Or THE SECOND DEGREE. 233 

Therefore, 

x — 4 + 4 — ' an x — 4 4— 2" 

Both these values satisfy the proposition in its algebraio 
•ense. For, 



2 x (5) 2 + 3x5 = 2x25 + 15=65 



/ 13 \ 2 „ 13 169 39 130 „ 

Eemaek. — If we wish to restrict the enunciation to its 
arithmetical sense, we will first observe, that when x is re- 
placed by — x, in the equation 2a; 2 + 3x = 65, the sign of 
the second term 3% only, is changed, because ( — x) 2 = x 2 . 

3 23 

Therefore, instead of obtaining x = — — ± — , we should 

3 23 13 

find x = — ± —i or x = — i and x = — 5, values which 

4 4 2 

only differ from the preceding by their signs. Hence, we 

13 

may say that the first negative result, — , considered in- 

dependently of its sign, satisfies this new enunciation, viz : 

To find a number such, that twice its square, diminished 
by three times the number, shall give 65. In fact, we have 

„ /13\ 2 „ 13 169 39 „„ 

Eemakk. — The root which results from giving the plus 
sign to the radical, is, generally, an answer to the question 
both in its arithmetical and algebraic sense ; while the second 
root is an answer to it in its algebraic sense only. 
11 
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Thus, in the example, it was required to find a number, 
of which twice the square added to three times the number 
shall give 65. Now, in the arithmetical sense, added means 
increased ; but in the algebraic sense it implies diminution, 
when the quantity added is negative. In this sense, the 
second root satisfies the enunciation. 

2. A certain person purchased a number of yards of cloth 
for 240 cents. If he had received 3 yards less of the same 
cloth for the same sum, it would have cost him 4 cents more 
per yard. How many yards did he purchase 1 

Let x — the number of yards purchased. 

240 
Then will express the price per yard. 

If, for 240 cents, he had received 3 yards less, that is 

x — 3 yards, the price per yard, under this hypothesis, would 

240 
have been represented by -. But, by the enunciation, 

this last cost would exceed the first by 4 cents. Therefore, 
we have the equation 

240 240 _ 
x — 3 x ' 

whence, by reducing, x 2 — 3x = 180, 

therefore, x = 15 and x = — 12. 

The value 2=15 satisfies the enunciation ; for, 15 yards 

e »An <- • 240 

for 240 cents, gives — — , or 16 cents, for the price of 

one yard ; and 12 yards for 240 cents, gives 20 cents for the 
price of one yard, which exceeds 16 by 4. 
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As to the second solution, we can form a new enuncia- 
tion, "with which it will agree. For, going back to the 
equation, and changing x into — x, we have 

240 240 , 240 240 

= 4) or -__-— _ = 4, 



— x — 3 — x ' x x+3 

an equation which may be considered the algebraic transla- 
tion of this problem, viz. : A certain person purchased a num- 
ber of yards of cloth for 240 cents : if he had paid the same 
sum for 3 yards more, it would have cost him 4 cents less per 
yard. Sow many yards did he purchase? 

Ans. x = 12, and x = — 15. 

3. A man bought a horse, which he sold for 24 dollars 
At this sale, he lost as much per cent, upon the price of his 
purchase as the horse cost him. What did he pay for the 
horse ? 

Let x denote the number of dollars that he paid for the 

horse ; then, * — 24 will express the loss he sustained. But 

x 
as he lost x per cent, by the sale, he must have lost -r-rrr 

upon each dollar, and upon x dollars he lost a sum denoted 

x 2 
by — rr- ; we have then the equation 
•'100' 

-?- = x — 24, whence a; 2 — 100a; = — 2400 ; 

and * = 50 ± ^2500 - 2400 = 50 ± 10. 

Therefore, x = 60 and x = 40. 

Both of these values will satisfy the question. 

For, in the first place, suppose the man gave $60 for the 
horse and sold him for 24, he loses 36. Again, from the 
enunciation, he should lose 60 per cent, of 60, that is. 
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•— - of 60, or * , which reduces to .36 ; therefore, 

60 satisfies the enunciation. 

Had he paid $40, he would have lost $16 by the sale ; 

40 
for, he should lose 40 per cent, of 40, or 40 X -j^r, which 

reduces to 16; therefore, 40 verifies the enunciation. 

4. A man being asked his age, said the square root of 
my own age is half the age of my son, and the sum of our 
ages is 80 years : what was the age of each ? 

Let x = the age of the father. 
y = that of the son. 
Then by the first condition 

and by the second condition 

x + y = 80. 
If we take the first equation 

y 



and square both members, we have 

•=£ 

If we transpose y in the second, we have 

* = 80 — y : 
from which we find 

y — - 2 ± -/324 = 16 ; 

by taking the plus root, which answers to the question in 

its arithmetical sense. Substituting this value, we find 

x = 64. A \ - Father ' s a S e 64 - 

( Son's 16. 
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5. Find two numbers, such, that the sum of their pro- 
duets by the respective numbers a and b, may be equal to 
2s, and that their product may be equal to p. 

Let x and y denote the required numbers : we then hare 

the equations 

ax + by = 2s, 

and xy=p. 

•n i r- 2s — ax 
H rom the first y = — ; 

whence, by substituting in the second, and reducing, 

ax 2 — 2sx = — bp. 

s J 
Therefore, x = — ± — -i/s 2 — abp, 
a a 

and consequently, 

* 1 r-„ r- 

This problem is susceptible of two direct solutions, be- 
cause s is evidently > -y/s 2 — abp ; but in order that they 
may be real, it is necessary that « 2 > or = abp. 

Let a = b = 1 ; the values of x and y reduce to 

x=zs±y/s 2 —p and y = s =p-\/s 2 — p. 

Whence we see, that the two values of x are equal to 
those of y, t aken in an inverse order ; which shows, that if 
t + -y/s 2 — p represents the value of a, s — -y/s 2 —p will 
represent the corresponding value of y, and reciprocally. 

This circumstance is accounted for, by observing, that in 
this partic alar case, the equations reduce to 
Ix + y=2s, ) 
( xy=p; ) 
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and then the question is reduced to finding two numbers of 
which their sum is 2s, and their product p ; or in other 
words, to divide a number 2s, into two such parts, that their 
product may be equal to a given number p. 
Let us now suppose 

2s = 14- and p = 48 : 

what will then be the values of x and y 1 

( x — 8 or C. 
■Ans. { 

(y = 6 or 8, 

6. A grazier bought as many sheep as cost him £60, and 
after reserving fifteen out of the number, he sold the re- 
mainder for £54, and gained 2s. a head on those he sold : 
how many did he buy % Ans. 75. 

7. A merchant bought cloth for which he paid £33 15s., 
which he sold again at £2 8s. per piece, and gained by the 
bargain as much as one piece cost him : how many pieces 
did he buy? Ans. 15. 

8. What number is that, which, being divided by the pro- 
duct of its digits, the quotient is 3; and if 18 be added to 
it, the order of the digits will be inverted 1 ? Ans. 24. 

9. To find a number, such that if you subtract it from 10, 
and multiply the remainder by the number itself, the pro- 
duct shall be 21. Ans. 7 or 3. 

10. Two persons, A and B, departed from different places 
at the same time, and travelled towards each other. On 
meeting, it appeared that A had travelled 18 miles more 
than B ; and that A could have gone B's journey in 15| 
days, but B would have been 28 days in performing A's 
journey. How fai did each travel ? 

Am. | £ 72 miles. 
B 54 miles. 



{ 
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11. There are two numbers whose difference is 15, and 
half their product is equal to the cube of the lesser number. 
What are those numbers 1 Ans. 3 and 18. 

12. What two numbers are those whose sum, multiplied 
by the greater, is equal to 77 ; and whose difference, multi- 
plied by the lesser,, is equal to 12] 

Ans. 4 and 7, or f -^2 and y -y/2". 

13. To divide 100 into two such parts, that the sum of 
their square roots may be 14. Ans. 64 and 36. 

14. It is required to divide the number 24 into two. such 
parts, that their product may be equal to 35 times their 
difference. Ans. 10 and 14. 

15. The sum of two numbers is 8, and the sum of their 
cubes is 152. What are the numbers ? Ans. 3 and 5. 

16. Two merchants each sold the same kind of stuff; 
the second sold 3 yards more of it than the first, and to- 
gether they receive 35 dollars. The first said to the second, 
"I would have received 24 dollars for your stuff;" the 
other replied, "And I should have received 12J dollars for 
yours. ' How many yards did each of them sell? 

1st merchant x = 15 a; =5. 

[ 2d " y- 18 ° r y = 8. 

17. A widow possessed 13,000 dollars, which she divided 
into two parts, and placed them at interest, in such a man- 
ner, that the incomes from them were equal. If she had 
put out the first portion at the same rate as the second, she 
would have drawn for this part 360 dollars interest ; and if 
she had placed the second out at the same rate as the first, 
she would have drawn for it 490 dollars interest. What 
were the two rates of interest ? 

Ans. 7 and 6 per cent. 



Ans. | ( 
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CHAPTER VII. 
Of Proportions and Progressions. 

135. Two quantities of the same kind may be compaied, 
the one with the other, in two ways : — 

1st. By considering how much one is greater or less than 
the other, which is shown by their difference ; and, 

2d. By considering how many times one is greater or less 
than the other, which is shown by their quotient. 

Thus, in comparing the numbers 3 and 12 together, with 
respect to their difference, we find that 12 exceeds 3 by 9 ; 
and in comparing them together with respect to their quo- 
tient, we find that 12 contains 3 four times, or that 12 is 4 
times as great as 3. 

The first of these methods of comparison is called Arith- 
metical Proportion, and the second, Geometrical Proportion. 

Hence, Arithmetical Proportion considers the relation of 
quantities with respect to their difference, and Geometrical 
Proportion the relation of quantities with respect to their 
quotient. 



135. In how many ways may two quantities be compared the one 
with the other ? What does the first method consider ? What tho 
second ? What is the first of these methods called ? What is the 
second called ! How then do you define the two proportiona ! 
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Of Arithmetical Proportion and Progression. 

136. If we have four numbers, 2, 4, 8, and 10, of which 
the difference between the first and second is equal to the 
difference between the third and fourth, these numbers are 
said to be in arithmetical proportion. The first term 2 is 
called an antecedent, and the second term 4, with which it is 
compared, a consequent. The number 8 is also called an 
antecedent, and the number 10, with which it is compared, 
a consequent. 

When the difference between the first and second is equal 
to the difference between the third and fourth, the four num- 
bers are said to be in proportion. Thus, the numbers 

2, 4, 8, 10, 

are in arithmetical proportion. 

137. When the difference between the first antecedent 
and consequent is the same as between any two adjacent 
terms of the proportion, the proportion is called an arith- 
metical progression. Hence, a progression oy differences, or 
an arithmetical progression, is a series in which the succes- 
sive terms are continually increased or decreased by a con- 
stant number, which is called the common difference of the 
progression. 

Thus, in the two series 

1, 4, 7, 10, 13, 16, 19, 22, 25, . . . 
60, 56, 52, 48, 44, 40, 36, 32, 28, . . . 



138; When are four numbers in arithmetical proportion ? What is the 

first called ? What is the second called ? What is the third called ! 

What is the fourth called ? 

11 



242 ELEMENTARY ALGEBRA. 

the first is called an increasing progression, of which the 
common difference is 3, and the second a decreasing pro- 
gression, of which the common difference is 4. 

In general, let a, b, c, d, e,f, . . . designate the terms of 
a progression by differences ; it has been agreed to write 
them thus : 

a.b.c.d.e.f.g.h.i.k... 

This series is read, a is to 6, as 6 is to c, as c is to d, as d is 
to e, &c. This is a series of continued equi-differences, in 
which each term is at the same time an antecedent and a con- 
sequent, with the exception of the first term, which is only 
an antecedent, and the last, which is only a consequent. 

138. Let d represent the common difference of the pro- 
gression 

a.b.c.e.f.g.h, &c, * 

which we will consider increasing. 

From the definition of the progression, it evidently fol- 
lows that 
b — a + d, c = b+d=a + 2d, e = c + d = a + 3d; 

and, in general, any term of the series is equal to the first 
term plus as many times the common difference as there are 
preceding terms. 

Thus, let I be any term, and n the number which marks 
the place of it : the expression for this general term is 
I = a + {n — 1) d. 



137. What is an arithmetical progression ? What is the number call- 
ed by ■which the terms are increased or diminished ? What is an increas- 
ing progression ? What is a decreasing progression ? Which term is 
only an antecedent ? Whith only a consequent ? 
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Hence, for finding the last term, we have the following 

RULE. 

I. Multiply the common difference by the number of terms 
less one. 

II. To the product add the first term : the mm will be the 
last term. 

EXAMPLES. 

The formula I = a -+- (n — l)d serves to find any term 
whatever, without our being obliged to determine all those 
which precede it. 

1. If we make n =. 1, we have I = a ; that is, the series 
will have but one term. 

2. If we make n = 2, we .have I— a + d ; that is, the 
series will have two terms, and the second term is equal to 
the first plus the common difference. 

3. If a = 3 and d =; 2, what is the 3d term 1 Ans. 7. 

4. If a = 5 and d = 4, what is the 6th term ? Ans. 25. 

5. If a = 7 and d = 5, what is the 9th term 1 Ans. 47. 

6. If a = 8 and d = 5, what is the tenth term ? 

Ans. 53. 

7. If a = 20 and d = 4, what is the 12th term ? 

•Ans. 64. 

8. If a = 40 and d = 20, what is the 50th term ? 

yljw. 1020. 



138i Give the rule for finding the last term of a series when the pro> 
gression is Increasing. 
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9. If a = 45 and d = 30, what is the 40th term? 

Ans. 1215. 

10. If a = 30 and d = 20, what is the 60th term 1 

Ans. 1210. 

11. If a = 50 aud d= 10, what is the 100th term 1 ? 

Ans. 1040. 

12. To find the 50th term of the progression 

1 . 4 . 7 . 10 . 13 . 16 . 19 . . ., 
we have I = 1 + 49 x 3 = 148. 

13. To find the 60th term of the progression 

1 . 5 . 9 . 13 . 17 . 21 . 25 . . ., 
we have I = 1 + 59 X 4 = 237. 

139. If the progression were a decreasing one, we should 
have 

I — a — {n — Y)d. 

Hence, to find the last term of a decreasing progression, we 
have the following 

EULE. 

I. Multiply the common difference by the number of termi 
less one. 

II. Subtract the product from the first term; the remainder 
will be the last term. 



139. Give the rule for finding the last term of a series, when the pro 
gression is decreasing. 
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EXAMPLES. 

1. The first term of a decreasing progression is 60, the 
number of terms 20, and the common difference 3 : what is 
the last term 1 

l=a-(n-\)d gives Z=60-(20-l)3=60-57=3. 

2. The first term is 90, the common difference 4, and the 
number of terms 15 : what is the last term ? Ans. 34. 

3. The first term is 100, the number of terms 40, and the 
common difference 2 : what is the last term ? Ans. 22. 

4. The first term is 80, the number of terms 10, and the 
common difference 4 : what is the last term 1 Ans. 44. 

5. The first term is 600, the number of terms 100, and 
the common difference 5 : what is the last term ? 

Ans. 105. 

6. The first term is 800, the number of terms 200, and 
the common difference 2 : what is the last term 1 

Ans. 402. 

140. A progression by differences being given, it is pro- 
posed to prove that, the sum of any two terms, taken at equal 
distances from the two extremes, is equal to the sum of the two 
extremes. 

That is, if we have the progression 

2 . 4 . 6 . 8 . 10 . 12, 

we wish to prove generally, that 

4+10 or 6 + 8, 

is equal to the sum of the two extremes 2 and 12. 
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Let a.b.c.e.f....i.k. I be the proposed 
progression, and n the number of terms. 

We will first observe that, if x denotes a term which has 
p terms before it, and y a term which has p terms after it, 
we have, from what has been said, 

x = a + p X d, 
and y = l—pxd; 

whence, by addition, x + y = a -\- 1, 

which proves the proposition. 

Eeferring to the previous example, if we suppose, in 
the first place, x to denote the second term 4, then y 
will denote the term 10, next to the last. If x denotes 
the 3d term 6, then y will denote 8, the third term from 
the last. • 

Having proved the first part of the proposition, write the 
terms of the progression, as below, and then again, in an 
inverse order, viz. : 

a.b.c.d.e.f...i.k.l. 

I . k . i c . b . a. 

Calling S the sum of the terms of the first progression, 
2<!J will be the sum of the terms of both progressions, and 
we shall have 

2S = {a+l)+{b+k)+(c+i)...+{i+c) + (k+b)+(l+a). 

Now since all the parts, a + I, b + k, c + * . . . are equal 
to each other, and their number equal to n, 

aSf«(a+QXiS or S=(^±±\xn. 
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Hence, for finding the sum of an arithmetical series, we 
have the following 



RULE. 

I. Add the two extremes together, and take half their sum. 

II. Multiply this half-sum by the number of terms; the 
product will be the sum of the series. 

EXAMPLES. 

1. The extremes are 2 and 16, and the number of terms 
8 : what is the sum of the series ? 



(a+l\ 



X n, gives S = 2+16 x 8 = 72. 



2. The extremes are 3 and 27, and the number of terms 
12 : what is the sum of the series ] Ans. 180. 

3. The extremes are 4 and 20, and the number of terms 
10 : what is the sum of the series ? Ans. 120. 

4. The extremes are 100 and 200, and the number of 
terms 80 : what is the sum of the series ? Ans. 12000. 

5. The extremes are 500 and 60, and the number of terms 
20 : what is the sum of the series 1 Ans. 5600. 

6. The extremes are 800 and 1200, and the number of 
terms 50 : what is the sum of the series ? Ans. 50000. 



140i In every progression, what is the sum of the two extremes 
equal to ! What is the rule for finding the sum of an arithmetical 
series I 
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141. In arithmetical proportion there are five numbers to 
be considered : — 

1st. The first term, a. 
2d. The common difference, d. 
3d. The number of terms, n. 
4th. The last term, I. 
' 5th. The sum, 8. 
The formulas 

I — a + (n — l)d and S= \-~n~ ) X » 

contain five quantities, a, d, n, I, and S, and consequently 
give rise to the following general problem, viz : Any three 
of these Jive quantities being given, to determine the other 
two. 

We already know the value of S in terms of a, n, and I. 

From the formula 

I = a + {n — l)d, 
we find a = I — (n — l)d. 

That is : The first term of an increasing arithmetical pro- 
gression is equal to the last term, minus the product of the 
common difference by the number of terms less one. 

Prom the same formula, we also find 

I — a 
d= r. 

n— 1 
That is : In any arithmetical progression, the common differ- 
ence is equal to the last term minus the first term divided by 
the number of terms less one. 



141i How many numbers are considered in arithmetical proportion! 
What are they ? In every arithmetical progression, what is the common 
difference equal to I 
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The last term is 16, the first term 4, and the number of 
terms 5 : what is the common difference ? 



The formula 



I 



gives 



rf = i^i=3. 



2. The last term is 22, the first term 4, and the number 
of terms 10 : what is the common difference 1 Ans. 2. 

142. The last principle affords a solution to the following 
question : 

To find a number m of arithmetical means between two 
given numbers a and b. 

To resolve this question, it is first necessary to find the 
common difference. Now, we may regard a as the first 
term of an arithmetical progression, 6 as the last term, and 
the required means as intermediate terms. The number of 
terms of this progression will be expressed by m + 2. 

Now, by substituting in the above formula, b for I, and 
m -f 2 for n, it becomes 



d= 



to+2 — 1 m+ 1 



that is : The common difference of the required progression is 
obtained by dividing the difference between the given numbers 
a and b, by the required number of means plus one. 



142. How do you find any number of arithmetical meanB between 
two given numbers ? 

11* 
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Having obtained the common difference, form the second 
term of the progression, or the first arithmetical mean, by- 
adding d to the first term a. The second mean is obtained 
by augmenting the first mean by d, &c. 

1. Find three arithmetical means between the extremes 
2 and 18. 

b — a 



The formula d ■- 



'm+ 1 



J 18 ~ 2 A 

gives d =. — - — = 4 ; 

hence, the progression is 

2 . 6 . 10 . 14 . 18. 

2. Find twelve arithmetical means between 12 and 77. 
b — a 



The formula d = - 



m+ 1 



j 77-12 . 
gives d = — — — =5. 

Hence, the progression is 

12 . 17 . 22 . 27 .... 77. 

143. Remark. — If the same number of arithmetical 
means are inserted between all the terms, taken two and 
two, these terms, and the arithmetical means united, will 
form but one and the same progression. 

For, let a . b . c . e . f . . . be the proposed pro- 
gression, and m the number of means to be inserted be- 
tween o and 5, b and c, c and e . . . . &c. 
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From what has just been said, the common difference of 
each partial progression will be expressed by 



m+V m+V w+1' 

expressions which are equal to each other, since a, b, e . . . 
are in progression : therefore, the common difference is the 
same in each of the partial progressions; and since the 
last term of the first, forms thejirst term of the second, &c, 
we may conclude that all of these partial progressions form 
a single progression. 



EXAMPLES. 

1. Find the sum of the first fifty terms of the progres- 
sion 2.9. 16 . 23 . . . 

For the 50th term we have 

1=2 + 43 x 7 = 345. 

Hence, S = (2 + 345) X ^ = 347 X 25 = 8675. 

At 

2. Find the 100th term of the series 2 . 9 . 16 . 23 . . . 

Ans. 695. 

3. Find the sum of 100 terms of the series 1 . 3 . 5- . 
7.9... Ans. 10000. 

4. The greatest term is 70, the common difference 3, and 
the number of terms 21 : what is the least term and the 
sum of the series ? 

Ans. Least term 10 ; sum of series 840, 
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5. The first term is 4, the common difference 8, and the 

number of terms 8 : what is the last term, and the sum of 

the series % 

( Last term 60. 

s " I Sum =256. 

6. The first term is 2, the last term 20, and the number 
of terms 10 : what is the common difference 1 

Ans. 2. 

7. Insert four means between the two numbers 4 and 19 : 
what is the series ■? 

Ans. 4 . 7 . 10 : 13 . 16 . 19. 

8. The first term of a decreasing arithmetical progression 
is 10, the common difference one-third, and the number of 
terms 21 : required the sum of the series. 

Ans. 140. 

9. In a progression by differences, having given the com- 
mon difference 6, the last term 185, and the sum of the 
terms 2945 : find the first term, and the number of terms. 

Ans. First term = 5 ; number of terms 31. 

10. Find nine arithmetical means between each antece- 
dent and consequent of the progression 2.5.8.11. 14... 

Ans. Common dif., or d =. 0.3. 

11. Find the number of men contained in a triangular 
battalion, the first rank containing one man, the second 2, 
the third 3, and so on to the n'\ which contains n. In other 
words, find the expression for the sum of the natural num- 
bers 1, 2, 3 . . ., from 1 tow inclusively. 

Ans.S=^± 1 X 
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12. Find the sum of the n first terms of the progression 
of uneven numbers 1, 3, 5, 7, 9 . . . Ans. S = n 2 . 

13. One hundred stones being placed on the ground in a 
straight line, at the distance of 2 yards apart, how far will a 
person travel who shall bring them one by one to a basket, 
placed at a distance of 2 yards from the first stone ? 

Ans. 11 miles, 840 yards. 

Geometrical Proportion and Progression. 

144. Ratio is the quotient arising from dividing one 
quantity by another quantity of the same kind. Thus, if 
the numbers 3 and 6 have the same unit, the ratio of 3 to 6 
will be expressed by 

And in general, if A and B represent quantities of the same 
kind, the ratio of A to B will be expressed by 

B_ 

A' 

145. If there be four numbers 

2, 4, 8, 16, 

having such values that the second divided by the first is 
equal to the fourth divided by the third, the numbers are 

H4. What is ratio ? What is the ratio of 8 to 6 J OF i to 12 8 
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said to be in proportion. And in general, if there be four 
quantities, A, B, C, and D, having such values that 

B _Z> 

~A~ C 

then A is' said to have the same ratio to B that has to D, 
or, the ratio of A to B is equal to the ratio of to D. 
When four quantities have this relation to each other, com- 
pared together two and two, they are said to be in geomet- 
rical proportion. 

To express that the ratio of A to B is equal to the ratio 
of to D, we write the quantities thus : 

A : B : : : D ; 

and read, A is to B as C to D. 

The quantities which are compared, the one with the 
other, are called terms of the proportion. The first and last 
terms are called the two extremes, and the second and third 
terms, the two means. Thus, A and D are the extremes, 
and B and C the means. 

146. Of four proportional quantities, the first and third 
are called the antecedents, and the second and fourth the 
consequents ; and the last is said to be a fourth proportional 
to the other three, taken in order. Thus, in the last pro- 
portion A and O are the antecedents, and B and J) the con- 
sequents. 

145 1 What is proportion? How do you express that four numbers 
are in proportion ? "What are the numbers called ? What are the first 
and fourth terms called ? What the second and third ? 

1 4d In four proportional quantities, what are the first and third called 1 
What the second and fourth ? 
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147. Three quantities are in proportion when the first has 
the same ratio to the second that the second has to the 
third ; and then the middle term is said to be a mean pro- 
portional between the other two. For example, 

3 : 6 :: 6 : 12; 

and 6 is a mean proportional between 3 and 12. 

148. Quantities are said to be in proportion by inversion, 
or inversely, when the consequents are made the antecedents 
and the antecedents the consequents. 

Thus, if we have the proportion 

3 : 6 : : 8 : 16, 
the inverse proportion would be 

6 : 3 : : 16 : 8. 

149. Quantities are said to be in proportion by alterna- 
tion, or alternately, when antecedent is compared with ante 
cedent and consequent with consequent. 

Thus, if we have the proportion 

3 : 6 : : 8 : 16, 

the alternate proportion would be 

3 : 8 : : 6 : 16. 



147. When are three quantities proportional? What is the middle 
one called ? 

148. When are quantities said to be in proportion by inversion, or in- 
versely ? 

149. When are quantities in proportion by alternation ? 
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150. Quantities are said to be in proportion by composi- 
tion, when the sum of the antecedent and consequent is 
compared either with antecedent or consequent. 

Thus, if we have the proportion 

2 : 4 : : 8 : 16, 
the proportion by composition would be 

2 +.4 : 4 :: 8 + 16 : 16; 
that is, 6:4:: 24 : 16. 

151. Quantities are said to be in proportion by division, 
when the difference of the antecedent and consequent is 
compared either with antecedent or consequent. 

Thus, if we have, the proportion 

3 : 9 : : 12 : 36, 

the proportion by division will be 

9 - 3 : 9 : : 36 - 12 : 36 ; 

that is, 6 : 9 : : 24 : 36. 

152. Equi-multiples of two or more quantities are the 
products which arise from multiplying the quantities by the 
same number. 

Thus, if we have any two numbers, as 6 and 5, and mul- 
tiply them both by any number, as 9, the equi-multiples 
will be 54 and 45 ; for 

6 X 9 = 54, and 5x9= 45. 

150. When are quantities in proportion by composition f 
16 li When are quantities in proportion by division ? 
IBS. What are equi-multiples of two or more quantities? 
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Also m X A and m X B are equi-multiples of A and B, the 
common multiplier being m. 

153. Two quantities A and B, -which may change their 
values, are reciprocally or inversely proportional, when one is 
proportional to unity divided by the other, and then their 
product remains constant. 

We express this reciprocal or inverse relation thus : 

Acc± 
in which A is said to be inversely proportional to B. 

154. If we have the proportion 

A : B :: : Z> # 

we have, -j- = -^ » (Art. 145) ; 

and by clearing the equation of fractions, we have 

BC = AD. 

That is, Of four proportional quantities, the product of the 
two extremes is equal to the product of the two meant. 

This general principle is apparent in the proportion be- 
tween the numbers 

2 : 10 : : 12 : 60, 
which gives 2 X 60 = 10 X 12 = 120. 



163. When are two quantities said to be reciprocally proportional ? 
1 54. If four quantities are proportional, what is the product of the 
iwo means equal to ? 

12 
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155. If four quantities, A, B, C, D, are so related to each 
other, that 

AxD = BxQ, 

B D 

we shall also have -j- = -p » 

and hence, A : B : : : D. 

That is : If the product of two quantities is equal to the pro- 
duct of two other quantities, two of them may be made the ex- 
tremes, and the other two the means of a proportion. 
Thus, if we have 

2X8=4X4, 
we also have 

2 : 4 : : 4 : 8. 

156. If we have three proportional quantities 

A : B : : B : 0, 

we have, —r — ■=■ , 

hence, B* = AC. 

That is : If three quantities are proportional, the square of 
the middle term is equal to the product of the two extremes. 
Thus, if we have the proportion 

3 : 6 : • 6 : 12, 
we shall also have 

6 X 6 = 6 2 = 3 x 12 = 30. 

155. If the product of two quantities is equal to the product of two 
other quantities, may the four be placed in a proportion ? Hew ? 

15Gi If three quantities are proportional, what is the product of lh« 
sxtreraeg equal to ? 



GEOMETRICAL PROPORTION. 259 

157. If we have 

/? 7) 

A : B : : : D, and consequently — = — , 

^4 C 

C 

multiply both members of the last equation by -^ > and 

we then obtain, 

_D 
A~B' 

and henee, A : : : B : D. 

That is : If four quantities are proportional, they will be in 
proportion by alternation. 

Let us take, as an example, 

10 : 15 : : 20 : 30. 
We shall have, by alternating the terms, 

10 : 20 : : 15 : 30. 

158. If we have 

A : B : : O : B and A ' B : : E : F, 

we shall also have 

B B , B J? 
A = C and A=E> 

2> l F 
hence, TT — 'v an<i O : D : : E : F. 

That is : If there are two sets of proportions having an 



157. If four quantities are proportional, will they be in proportion by 
alternation ! 
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antecedent and consequent in, the one equal to an antecedent 
and consequent of the other, the remaining terms will be pro- 
portional. 

If we have the two proportions 

2 : 6 : : 8 : 24 and 2 : 6 : : 10 : 30, 
we shall also have 

8 : 24 : : 10 : 30. 

159. If we have 

A : B : : C : D, and consequently, -j = — , 

we have, by dividing 1 by each member of the equation . 

A C 

— = ■=- > and consequently B : A : : D : C. 

Jj J) 

That is: Four proportional quantities will be in proportion, 
when taken inversely. 

To give an example in numbers, take the proportion 

7 : 14 : : 8 : 16 ; 

then, the inverse proportion will be 

14 : 7 : : 16 : 8, 

in which the ratio is one-half. 

160. The proportion 

A : B : : C : B gives A X B = B x C. s 



158. If you have two sets of proportions having an antecedent and 
tonsequent in each, equal ; what will follow ? 

159. If four quantities are in proportion, will they be in proportion 
when taken inversely ! 
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To each member of the last equation add B X J). We 
shall then have 

{A+B)xB=(C/+D)xB; 

and by separating the factors, we obtain 

A + B : B : : G + B : D. 

[f, instead of adding, we subtract B x D from both mem< 
bers, we have 

(A-B)xD = (C-D)xB; 

which gives 

A-B : B : : O-D : D. 

That is : If four quantities are proportional, they will be in 
proportion by composition or division. 

Thus, if we have the proportion 

9 : 27 : : 16 : 48, 

we shall have, by composition, 

9 + 27 : 27 : : 16 + 48 : 48 ; 
that is, • 36 : 27 : : 64 : 48, 

in which the ratio is three-fourths. 

The same proportion gives us, by division, 

27 - 9 : 27 : : 48 - 16 : 48 ; 
that is, 18 : 27 : : 32 : 48, 

in which the ratio is one and one-half. 



160. If four quantities are in proportion, will they be in proportion 
by composition ? Will they be in proportion by division f What is the 
difference between composition and division ? 
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161. If we have 

B__B 

A "~ C" 
and multiply the numerator and denominator of the first 
member by any number m, we obtain 

— - = — and mA : mB : : C : D. ■ ■ 
rnA G 

That is : Equal multiples of two quantities have the same 
ratio as the quantities themselves. 

For example, if we have the proportion 

5 : 10 : : 12 : 24, 

and multiply the first antecedent and consequent by 6, we 

have 

30 : 60 : : 12 : 24, 

in which the ratio is still 2. 

162. The proportions 

A : B : : O : D and A : B : : E : F, 
give Ax JD — Bx G and. A x F = B x E; 
adding and subtracting these equations, we obtain 
A(B±F)=B(C±E), or A : B : : C±E : D±F. 

That is : If C and D, the antecedent and consequent, be aug- 
mented or diminished'by quantities E and F, which have the 
same ratio as C to D, the resulting Quantities will also have 
the same ratio. 

161. Have equal multiples of two quantities the same ratio as the 
quantities ? ' 

162. Suppose the antecedent and consequent be augmented or dimin- 
ished by quantities having the same ratio ? 
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i 

Let us take, as an example, the proportion 
9 : 18 : : 20 : 40, 
in which the ratio is 2. 

If we augment the antecedent arid consequent by the 
numbers 15 and 30, which have the same ratio, we shall 
have 

9+ 15 : 18 + 30 :: 20 : 40; 
that is, 24 : 48 : : 20 : 40, 

in which the ratio is still 2. 

If we diminish the second antecedent and consequent by 
these numbers respectively, we have 

9 : 18 :: 20-15 : 40-30; 

that is, 9 : 18 : : 5 : 10, 

in which the ratio is still 2. 

163. If we have several proportions 

A : B : : G : D, which gives Ax D = B X C, 
A : B : : E : F, " " A X F - B X E, 
A:'B :: Q : H, " " A x H = B x G, 

&c, &c, 
we shall have, by addition, 

A(D + F+H) =B{C + E+ G); 

and by separating the factors, 

. A : B : : 0+E+ G : D+F+H. 

That is: In any number of proportions having the same 
ratio, any antecedent will be to its consequent, as the sum of 
the antecedents to the sum of the consequents. 
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Let us take, for example, 

2 : 4 : : 6 : 12 and 1 : 2 : : 3 : 6, &c 
Then 2:4:: 6 + 3: 12 + 6; 

that is, 2 : 4 : : 9 : 18, 

in -which the ratio is still 2. 

164. If we have four proportional quantities 

B B 

A : B : : : D, we have -£=-q> 

and raising both members to any power whose exponent is 
n, or extracting any root whose index is n, we have, 

— = — , and consequently 
A' G"' 

A n : B n : : O" : D*. 
That is : If Jour quantities are proportional, their like power* 
or roots will be proportional. 
If we have, for example, 

2 : 4 : : 3 : 6, 
we shall have W : 4* : : & : 6 2 ; 

that is, 4 : 16 : : 9 : 36, 

in which the term's are proportional, the ratio being 4. 
165. Let there be two sets of proportions, 

B D 

A : B : : G : D which gives —- = — , 

E:F:: & •. B, „ „ | = f . 

103. In any number of proportions having the same ratio, how will 
any one antecedent be to ita consequent ? 

164. In four proportional quantities, how are like powers or roots I 
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Multiply them together, member by member, we have 

DEI TiTf 

~ = ^=. which gives AE : BF : : CQ : DM. 

That is : In two sets of proportional quantities, the product* 
of the corresponding terms are proportional. 

Thus, if we have the two proportions 
8 : 16 : : 10 : 20 
and 3 : 4 : : 6 : 8, 

we shall have 24 : 64 : : 60 : 160. 

Geometrical JProgresssion. 

166. We have thus far only considered the case in which 
the ratio of the first term to the second is the same as that 
of the third to the fourth. 

If we have the farther condition, that the ratio of the 
second term to the third shall also be the same as that of 
the first to the second, or of the third to the fourth, we shall 
have a series of numbers, each one of which, divided by the 
preceding one, will give the same ratio. Hence, if any 
term be multiplied by this quotient, the product will be the 
succeeding term. A series of numbers so formed is called 
a geometrical progression. Hence, 

A Geometrical Progression, or progression by quotients, is a 
series of terms, each of which is equal to the preceding term 



165. In two sets of proportions, how are the products of the corres- 
ponding terms? 
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multiplied by a constant number, which number is called the 
ratio of the progression. Thus, 

1 : 3 : 9 : 27 : 81 : 243, &c, 

is a geometrical progression, in which the ratio is 3. It is 
written by merely placing two dots between the terms. 

Also, 64 : 32 : 16 : 8 : 4 :> 2 : 1 

is a geometrical progression, in which the ratio is one-half. 

In the first progression each term is contained three times 
in the one that follows, and hence the ratio is 3. In the 
second, each term is contained one-half times in the one 
which follows, and hence the ratio is one-half. 

The first is called an increasing progression, and the 
second a decreasing progression. 

Let a, b, c, d, e,f, . . . be numbers in a progression by 
quotients ; they are written thus : 

a : b : c : d : e : f : g . . . 

and it is enunciated in the same manner as a progression by 
differences. It is necessary, however, to make the distinc- 
tion, that one is a series formed by equal differences, and 
the other a series formed by equal quotients or ratios. It 
should be remarked that each term is at the same time an 
antecedent and a consequent, except the first, which is only 
an antecedent, and the last, which is only a consequent. 



166i What is a geometrical progression ? What is the ratio of the 
progression ? If any term of a progression be multiplied by the ratio 
what will the product be ? If any term be divided by the ratio, what 
will the quotient be? How is a progression by quotients written! 
Which of the terms is only an antecedent ? Which only a consequent? 
How may eaoh of the others be considered ? 
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1 67. Let q denote the ratio of the progression 

a : b : c : d . . . ; 

j being >1 when the progression is increasing, and j< 1 
when it is decreasing. Then, since 

b c d e 

T = q > T = q > T = ? ' T = ? ' &c -' 

we have 

b = aq, c = bq = aq 2 , d — cq — aq 3 , e = dq = aq*, 
.f=eq = aq* . . .; 

that is, the second term is equal to aq, the third to aq 2 , the 
fourth to aq 3 , the fifth to aq*, &c. ; and in general, the wth 
term, that is, one which has n — 1 terms before it, is ex- 
pressed by aq" -1 . 

Let I be this term ; we then have the formula 

I =: aq"- 1 , 

by means of which we can obtain any term without being 
obliged to find all the terms which precede it. Hence, to 
find the last term of a progression, we have the following 

KTJLE. 

I. liaise the ratio to a power whose exponent is one less than 
the number of terms. 

II. Multiply the power thus found by the first term : the 
■product will be the required term. 

167i By what letter do we denote the ratio of a progression ! In an 
jicreasing progression is q greater or less than 1 ! In a decreasing pro- 
gression is q greater or less than 1 ? If a is the first term and q the 
ratio, what is the second *erm equal to ? What the third ? What the 
tourth ? What is the Ia*„ term equal to ? Give the rule for finding the 
ast term. 
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EXAMPLES. 

1. Find the 5th term of the progression 

2 : 4 : 8 : 16 . . 
in which the first term is 2 and the common ratio 2. 
5th term = 2 x 2* = 2 x 16 = 32 Am. 

2. Find the 8th term of the progression 

2 : 6 : 18 : 54 . . . 
8th term = 2 X 3 7 = 2 X 2187 = 4374 Aw 

3. Find the 6th term of the progression 

2 : 8 : 32 : 128 . . . 

6th term = 2 x 4 5 = 2 X 1024 = 2048 Ant 

4. Find the^7th term of the progression 

3 : 9 : 27 : 81 . . . 

7th term = 3 X 3 s = 3 X 729 = 2187 Ans 

5. Find the 6th term of the progression 

4 : 12 : 36 : 108 . . . 
6th term = 4 x 3 5 = 4 X 243 = 972 Ans. 

6. A person agreed to pay his servant 1 cent for the firs 
day, two for the second, and four for the third, doubling 
every day for ten days: how much did he receive on the 
tenth day? Antm $ 512 . 
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7. What is the 8th term of the progression 

9 : 36 : 144 : 576 . . . 
8th term = 9 X 4 1 = 9 X 16384 = 147456 Am. 

8. Find the 12th term of the progression 

64 : 16 : 4 : 1 : 4- • • • 
4 



(1 \ n 4 3 



4 n 4 8 65536 



168. We will now proceed to determine the sum of n 
terms of a progression 

a : b : e : d : e : f : . . . : i : h : I; 

I denoting the »th term. 

We have the equations (Art. 167), 

b = aq, c = bq, d=cq, ez=dq, . . . k-=iq, l=kq, 

and by adding them all together, member to member, we 
deduce 

Sum of 1st members. Sum of 2d members. 

b+c+d+e+ . . . +h+l={a+b+c+d+ . . . +i+k)q; 

in which we see that the first member contains all the terms 
but a, and the polynomial within the parenthesis in the 
second member contains all the terms but I. Hence, if we 
call thi sum of the terms S, we have 

S- a = (S — l)q = Sq — Iq, o: Bq-S-lq — a; 

whence S = — . 

q~l 
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Therefore, to obtain the sum of all the terms or sum of the 
series of a geometrical progression, we have the 



EULE. 

I. Multiply the last term by the ratio. 

II. Subtract the first term from the product. 

III. Divide the remainder by the ratio diminished by unity 
and the quotient will be the sum of the series. 

1. Find the sum of eight terms of the progression 

2 : 6 : 18 : 54 : 162 . . . 2 X 3 7 = 4374. 

s = Zg L -_a = l_312_2 J ^2 =6560< 
q — 1 2 

2. Find the sum of the progression 

2 : 4 : .8 : 16 : 32. 

s = ^-_a 64-2 = 62 _ 
q-1 1 

8. Find the sum often terms of the progression 

2 : 6 : 18 : 54 : 162 . . . 2 X 3 9 = 39366. 

Ans. 59048 

4. What debt may be discharged in a year, or twelve 
months by paying $1 the first month, $2 the second month, 



1 G8. Giye the rule for finding the sum of the series. What is the first 
stet) ! What the second ? What the third ! 
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$4 the third month, and so on, each succeeding payment 
being double the last ; and what will be the last payment ? 

. j Debt, . . $4095. 
( Last payment, $2048. 

5. A gentleman married his daughter on New Year's day, 
and gave her husband Is. towards her portion, and was to 
double it on the first day of every month during the year : 
what was her portion 1 Ans. £204 15s. 

6. A man bought 10 bushels of wheat on the condition 
that he should pay 1 cent for the first bushel, 3 for the second, 
9 for the third, and so on to the last : what did he pay for 
the last bushel and for the ten bushels 1 

j Last bushel, $196,83. 
(Total cost, $295,24. 

7. A man plants 4 bushels of barley, which, at the first 
harvest, produced 32 bushels ; these he also plants, which, 
in like manner, produce 8 fold \ he again plants all his crop, 
and again gets 8 fold, and so on for 16 years : what is his 
last crop, and what the sum of the series % 

( Last, 140737488355328JM 
\ Sum, 160842843834660. 
169. When the progression is decreasing, we have 
q < 1 and I < a ; the above formula 

Iq — a 

for the sum is then written under the form 

a — lq 

in order that the two terms of the fraction may be positive. 

169. "What is the formula for the Bum of the series of a decreasing 
progression ? 
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1. Find the sum of the terms of the progression 

32 : 16 : 8 : 4 : 2 

32 - 2 X ^- „ r 
s= o-^ = 2 = 31 62. 

1 — q 1 1 

"2" If 

2. Find the sum of the first twelve terms of the progression 

1 / 1 \ u 1 

64 : 16 : 4 : 1 :—:... : 641^—1 , 



4 V4/ ' 65536 



64-^^x4- 256- 



q-Zg _ C5536 4 _ 65536 65535 

1 — fl- £ ~ 3 - + 196608* 

4 
170. — Remark. We perceive that the principal difficulty 
consists in obtaining the numerical value of the last term, a 
tedious operation, even when the number of terms is not 
very great. 

3. find the sum of 6 terms of the progression 

512 : 128 : 32 . . . ' 

Ans. 682$. 

4. Find the sum of seven terms of the progression 

2187 : 729 : 243 . . . 

Ans. 3279. 

5. Find the sum of six terms of the progression 

972 : 324 : 108 . . . 

Ans. 1456. 

6. Find the sum of 8 terms of the progression 

147456 : 36864 : 9216 . . . 

An*. 196605. 
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Of Progressions having an infinite number of terms. 
171. Let there be the decreasing progression 
a : b -: c : d : e : f : . . . 
containing an indefinite number of terms. In the formul* 
g _ a — Iq 



1-? 
substitute for I its value oj" -1 (Art. 167), and we have 

l-q 

which expresses the sum of n terms of the progression. 
This may be put under the form 



S 



<uf 



l-q l-q 

Now, since the progression is decreasing, q is a proper 
fraction ; and q" is also a fraction, which diminishes as n 
increases. Therefore, the greater the number of terms we 

take, the more will ^ X q" diminish, and consequent- 
ly the more will the entire sum of all the terms approximate 

to an equality with the first part of S, that is, to . 

Finally, when n is taken greater than any given number, or 
n = infinity, then X q* will be less than any given 

number, or will become equal to ; and the expression 



l-q 

will then represent the true value of the sum of all the terms of 
the series. Whence we may Conclude, that the expression 

12* 
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for the sum of the terms of a decreasing progression, in which 
the number of terms is infinite, is 



S = 



\-q 
that is, equal to the first term divided ly 1 minus the ratio. 

This is, properly speaking, the limit to which the partial 
sums approach, as we take a greater number of terms in the 

progression. The difference between these sums and 



a 



l-q 

may be made as small as we please, but will only become 
nothing when the number of terms is infinite. 



1. Find the sum of 

i • 1 - 1 


1 

' 27 

of the 

1 


1 

: 8l 

sum 


to infinity, 
of the terms 


1 • 3 -9 

We have for the expression < 

S a 


S -l-?- 


1- 


1 ' 
3 


"2 



The error committed by taking this expression for the 
value of the sum of the n first terms, is expressed by 



a 3 

W X *"=2 
First take n = 5 ; it becomes 



(*)'• 



2 \3 / 2 . 3*~162" 



171i When the progression is decreasing and the number of terms in- 
finite, what is the expression for the value of the snm of the series % 



A 3 / ~ 163 X 3 ~~ 48( 
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When n = 6, we find 

2 V 3 ) - 162 " IT - 486" 

Hence, we see, that the error committed, by taking — 

for the sum of a certain number of terms, is less in propor- 
tion as this number is greater. 

2. Again, take the progression 

,.I I I i i . 

8 " 4 • 8 • 16 • 32 

We have S = = — = 2. Am. 

3. What is the sum of the progression 

^h m ma i« &c -> toinfmit y- . 

10 

172. In the several questions of geometrical progression 
there are five numbers to be considered : 

1st. The first term, a. 

2d. The ratio, .... q. 

3d. The number of terms, n. 

4th. The last term, I. 

5th. The sum of the terms, S. 



172i How many numbers are considered in geometrical progiessionl 
What are -they? 
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173. We shall terminate- this subject by solving this 
problem. 

To find a mean proportional between any two numbers, 
as to and re. 

Denote the required mean by x. We shall then have 
(Art. 156), 

x 2 = mX n, 



and hence, x = ■ymXn. 

That is, Multiply the two numbers together, and extract the 

square root of the product. • 

1. What is the geometrical mean between the numbers 
2 and 8 f 

Mean = yTx2 = -y/\& = 4. Ans. 

2. What is the mean between 4 and 16 ? Ans.. 8. 

3. What is the mean between 3 and 27 1 Ans. 9. 

4. What is the mean between 2 and 72? Ans. 12. 

5. What is the mean between 4 and 64 1 Ans. 16. 

173. How do you find a mean proportional between two numbers I 
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CHAPTER VIII. 

Of Logarithms. 

174. The nature and properties of the logarithms in com- 
mon use, 'will be readily understood, by considering atten- 
tively fhe different powers of the number 10. They are, 
10° =1 

10 1 = 10 

10 2 = 100 

10 3 = 1000 
10* = 10000 
10 5 = 100000 
&c. &c. 

It is plain that the exponents 0, 1, 2, 3, 4, 5, &c, form an 
arithmetical series of which the common difference is 1 ; 
and that the numbers 1, 10, 100, 1000, 10000, 100000, &c, 
form a geometrical progression of which the common ratio is 
10. The number 10, is called the base of the system of loga- 
rithms ; and the exponents 0, 1, 2, 3, 4, 5, &c, are the loga- 
1741 What relation exists between the exponents 1, 2, 3, &c ? How 
are the corresponding numbers 10, 100, 1000 ? What is the common 
difference of the exponents ? What is the common ratio of the corres- 
ponding numbers ? What is the base of the common system of loga- 
rithms ! What are the exponents ? Of what number is the exponent 
1 the logarithm ? The exponent 2 ? The exponent S I 
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rithms of the numbers which are produced by raising 10 to 
ihe .powers denoted by those exponents. 
, 175. If we denote the logarithm of any number by m, 
then the number itself will be the mth power of 10 : that is, 
if we represent the corresponding number by M, 

10 n = M. 
Thus, if we make m = 0, M will be equal to 1 ; if m = 1, 
M will be equal to 10, &c. Hence, 

The logarithm of a number is the exponent of the power to 
which it is necessary to raise the base of the system in order 
to produce the number. 

176. Letting, as before, 10 denote the base of the system 
jf logarithms, m any exponent, and M the corresponding 
number : we shall then have, 

'■10 m = M 
in which m is the logarithm of M. 

If we take a second exponent n, and let 2V denote the 
corresponding number, we shall have, 

10 n = iV 
in which n is the logarithm of J¥. 

If now, we multiply the first of these equations by the 
second, member by member, we have 

10° X 10° = 10 n, + n = M X N; r 

bat since 10 is the base of the system, m + n is the loga- 
rithm M X N ; hence, 



1T5i If we denote the base of a system by 10, and the exponent by 
m, what will represent the corresponding number ? What is the loga- 
rithm of a number i 

176. To what is the sum of the logarithms of any two numbers equal t 
To what then, will the addition of logarithms correspond i 
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The sum of the logarithms of any two numbers is equal to 
the logarithm of their product. 

Therefore, the addition of logarithms corresponds to the 
multiplication of their numbers. 

177. If we divide the equations by each other, member 

by member, we have, 

10 m M 

— io m -° — — • 

10° -jst' 

but since 10 is the base of the system, m — n is the loga- 
rithm of -==■ ; hence, 

N 

If one number be divided by another, the, logarithm of the 
quotient will be equal to the logarithm of the dividend dimi- 
nished by that of the fiivisor. 

Therefore, the subtraction of logarithms corresponds to the 
division of their numbers. 

178. Let us examine further the equations 

10° = 1 

10 1 = 10 

10 2 = 100 

10 3 = 1000 
&c. &e. 

It is plain that the logarithm of 1 is 0. and that the loga- 
rithms of all the numbers between 1 and 10, are greater 
than and less than 1. They are generally expressed by 
decimal fractions : thus, 

log 2 = 0.301030. 

177i If one number be divided by another, what will the logarithm 
of the quotient be equal to ? To what then will the subtraction of 
logarithms correspond ? 

178. What is the logarithm of 1 ? Between what limits are the loga 
rithms of all numbers between 1 and 10 ? How are they generally 
U 
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The logarithms of all the numbers greater than 10 and 
less than 100, are greater than 1 and less than 2, and are 
generally expressed by 1 and a decimal fraction : thus, 

log 50 = 1.698970. 

The part of the logarithm which stands on the left of the 
decimal point, is called the characteristic of the logarithm. 
The characteristic is always one less than the number of 
places of figures in the number whose logarithm is taken. 

Thus, in the first case, for numbers between 1 and 10, 
there is but one place of figures, and the characteristic is 0. 
For numbers between 10 and 100, there are two places of 
figures, and the characteristic is 1 ; and similarly for other 
numbers. 

Table of Logarithms. 

179. A table of logarithms is a table in which are writ- 
ten the logarithms of all numbers between 1 and some 
other given number. A table showing the logarithms of 
the numbers between 1 and 100 is annexed. The numbers 
are written in the column designated by the letter N, and 
the logarithms in the columns designated by Log. 

How ia it with the logarithms of numbers between 10 and 100 J 
What is that part of the logarithm called which stands at the left of 
the characteristic ? What is the value of the characteristic % 

179. What is a table of logarithms ? Explain the manner of finding 
the logarithms of numbers between 1 and 1001 
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TABLE. 



N. 
1 


Log. 
0.000000 


N. 
26 


Log. 


.N. 
51 


Log. 


N. 
76 


Log. 
1.880814 


1.414973 


1.707570 


2 


0.301030 


27 


1.431364 


52 


1.716003 


77 


1.886491 


3 


0.477121 


28 


1.447158 


53 


1.724276 


78 


1.892095 


4 


0.602060 


29 


1.462398 


54 


1.732394 


79 


1.897627 


5 

"6 


0.698970 


30 
31 


1.477121 
1.491362 


55 

56 


1.740363 

1.748188 


80 

81 


1.903090 
1.908485 


0.778151 


7 


0.845098 


32 


1.505150 


57 


1.755875 


82 


1.913814 


8 


0.903090 


33 


1.518514 


58 


1.763428 


83 


1.919078 


9 


0.954243 


34 


1.531479 


59 


1.770852 


84 


1.924279 


10 
11 


1.000000 
1.041393 


35 

36 


1.544068 


60 
61 


1.778151 
1.785330 


85 
~86 


1.929419 


1.556303 


1.934498 


12 


1.079181 


37 


1.568202 


62 


1.792392 


87 


1.939519 


13 


1.113943 


38 


1.579784 


63 


1.799341 


88 


1.944483 


14 


1.146128 


39 


1.59.1065 


64 


1.806180 


89 


1.949390 


15 
16 


1.176091 


40 
IT 


1.602060 
1.612784 


65 
66 


1.812913 
1.819544 


90 
91 


1.954243 


1.204120 


1.959041 


17 


1.230449 


42 


1.623249 


67 


1.826075 


92 


1.963788 


18 


1.255273 


43 


1.633468 


68 


1.832509. 


93 


1.968483 


19 


1.278754 


44 


1.643453 


69 


1.838849 


94 


1.973128 


20 
21 


1.301030 
1.322219 


45 
46 


1.653213 
1.662758 


70 
71 


1.845098 


95 
96 


1.977724 


1.851258 


1.982271 


22 


1.342423 


47 


1,672098 


72 


1.857333 


97 


1.986772 


23 


1.361728 


48 


1.681241 


73 


1.863323 


98 


1.991226 


24 


1.380211 


49 


1.690196 


74 


1.869232 


99 


1.995635 


25 


1.397940 


50 


1 .698970 


75 


1.875061 


100 


2.000000 



. EXAMPLES. 



1. Let it be required to multiply 8 by 9, by means of loga- 
rithms. We have seen, Art.. 176, that the sum of the loga- 
rithms is equal to the logarithm of the product. Therefore, 
find the logarithm of 8 from the table] which is 0.903090. 
and then the logarithm of 9, which is 0.954243 ; and their 
sum, which is 1.857333, will be the logarithm of the product 

13 
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In searching along in the table, we find that 72 stands oppo 
site this logarithm : hence, 72 is the product of 8 by 9. 

2. What is the product of 7 by 12 1 

Logarithm of 7 is, .... 0.845098 
Logarithm of 12 is, .... 1.079181 

Logarithm of their product, . . 1.924279 
and the number corresponding is 84. 

3. What is the product of 9 by 11 1 

Logarithm of 9 is, . . . . 0.954243 
Logarithm of 11 is, .... 1.041393 

Logarithm of their product, . . 1.995636 
and the corresponding number is 99.* 

4. Let. it be required to divide 84 by 3. Wc have seen 
in Article . 177, that the subtraction of Logarithms corres- 
ponds to the division of their numbers. Hence, if we find 
the logarithm of 84, and then subtract from it the logarithm 
of 3, the remainder will be the logarithm of the quotient. 

The logarithm of 84 is, . . . 1.924279 
The logarithm of 3 is, . . . 0.477121 



Their difference is, . . . . 1.447153 

and the number corresponding is 28. 

5. What is the product of 6 by 7? 

Logarithm of 6 is, . . . . 0.778151 

Logarithm of 7 is, . ■. . . 0.845098 

Their sum is, 1.623249 

and the corresponding number of the table, 42. 



SUPPLEMENT. 

EXAMPLES IN ADDITION AND SUBTRACTIOS. 

1. What is the sum of 

ax* + bx* and ex' + dx*. 

2. What is the sum of 

ax* and bx* — ex* — dx*. „ 

3. What is the sum of 

10a 4 + 3a 4 and 6a* — a* — 5a*.. 

4. What is the sum of 

5a 3 -7a 3 and 11a 3 + a*. 

5. What is the sum of 

a°6 m — 9a m + 5a°6 m and 6a m + 10a°6 m . 

6. What is the sum of 

5a 3 6 2 +7a6 2 c— 3a m 6 5 — 12a6 2 c and 6a 3 6 2 — 9a 3 6 3 +6*— 8a m 6« 
-36 2 . 

7. What is the sum of 

5a*6 + 3a 2 6 2 c — 7a6 — 6a*6 and 2a 2 6 2 c + 17a6 + 9a*5 - 
, Sa 2 6 2 c— 10a6. 

8. What is the sum of 

5a m b" + 3a 3 b' n - i — 3a 3 — 3ca m b* and 4ff 2 a 3 b m -' — a + 10a 3 
+ aTb* + a + 3a 2 6 2 — 2g 2 a 3 b m -\ 

9. What is ±he sum of 

9a 3 6 2 c* - 76 + 186 — 5a n 6 m +c* - 3d 5 and 3a ,, i m - Aa 3 6 2 c* 
+ 3c* — 5a 15 . 

10. From — 9a™a; 2 — 13 + 2a6 3 z — 4b m cx 2 
take 36 m c.i: 2 — 9a m a; 2 — 6 + 2a6 3 a;. 
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11. From 5a* - 7a?b 2 — Scd 2 + 7d 
take - 'ihaW + 3a* - 3a 2 — 1cd\ 

12. From OaTi* + 6ab m — d 5 + 18a*b" 
take 7a*S° + «P - 8a& m + 9a m & 2 . 

13. From 126 5 # - 16a 8 6 6 — 5a m 5° -f 6ac b 
take -6aTb n - 6ac b + 16a 8 6 6 + 126 5 d 6 . 

14. From 8a 3 J 3 c 5 - 12a m 6 + 6az* + 8ad m 
take 8ao" m - 8a 3 6 3 c 5 — 12a™5 + 6aa*. 

15. From 12^6" — 9ax 5 — Aab + 6a 2 6 2 — a 
take 3a — 6a 2 6 2 + 12a m i° — 9ax s + 5ab, 

EXAMPLES IN MULTIPLICATION. 

1. What is the simplest form of the product of 

a™ X a\ 

2. What is the simplest form of the product of 

2a 3 X 7a 9 x - 3a\ 
- 3. What is the simplest form of the product of 
a 5 b X a 7 d X 10a X 6a 2 X — 1. 

4. What is the simplest form of the product of 

— aT* x — 3aP- 2 xf X 5a 3 i+ 7 a;. 

5. What is the simplest form of the product of 

5a 3 5* x 10a 2 6 5 c X - 3a 7 . 

6. What is the simplest form of the product of 

- 7a 5 6 , c 2 X 8a 5 6 2 d X 7& 8 c X — 1. 

7.. What is the simplest form of the product of 
aTfrcq X a'b'ifl X a m b X — a. 

8. What is the simplest form of the product of 

(a 2 - 3aJ - 5,J 2 ) X 4a 2 J. 

9. What is the simplest form of -the product of 

(2a 3 * 6 - 5aV + 9a 3 JV») X 3a 2 6c 2 . 
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10. What is the simplest form of the product of 

(ViH + 2P - Sa7i 3 P + 7) X - 8/W. 

11. What is the simplest form of the product of 

(n 3 ** - c6 5 d 3 /+ 3c°) X - 2bc 2 d. 

12. What is the simplest form of the product of 

(a m -'6 2m + 3 — 6a-™- 3 fiP + ab m ) X a 3m + 2 b m - 1 . 

13. What is the simplest form of the product of 

(3F - hkl + 2Z 2 ) x (F - Ikl). 

14. What is the simplest form of the product of 

(6/2 - 17/1 + 3Z 2 ) X (/ s + 4/H). 

15. What is the simplest form of the product of 

(4a 2 — 16ax + 3x 2 ) X (5a 3 — 2a 2 x). 

16. What is the simplest form of the product of 

(a 2 + a* + a 6 ) X (a 2 — 1). 

17. What is the simplest form of the product of 
(a« - 2a 3 6 + 4a 2 6 2 - 8a6 3 + 166*) X (a + 2b). 

18. What is the simplest form of the product of 

(2a*x 2 - 36V) X (2a*z 2 + 36V). 

19. What is the simplest form of the product of 
(7a 3 - 5a 2 6 + 6a6 2 - 25 3 ) X (3a* - 4a 3 6 + 16a 2 * 2 ). 

20. What is the simplest form of the product of 

(a 6 - 3a*6 2 + 5a 2 6 4 ) X (7a 4 - 4a 2 6 2 + 6*). 

EXAMPLES IN DIVISION.. 

1. Divide a m by a". 

2. Divide a m by a 2 ". 

3. Divide 8a ls by 2a*. 

4. Divide ca 1B by da*. 
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5. Divide 6(a + b) 9 by 3(a + b) e . 

6. Divide (a + xf X (a + yf by (a + x) X (a + y) 2 . 

7. Divide 6a 3 6 2 — 15a 2 /+ 27a 4 te, by 3a 2 . 

8. Divide be 3 — c 3 x by b — x. 

9. Divide a 3 + a 2 6 — ab 2 — b 3 by a — 6. 

10. Divide 3a 5 + 16a 4 6 - 33a 3 6 2 + 14a 2 5 3 by a 2 + lab. 

11. Divide a 7 - 6a 6 Z> 3 + 14a 5 J 6 - 12a 4 5 9 by a 3 - 2a 2 6 3 . 

12. Divide a 4 - 2a 2 6 2 + J 4 by a 2 - 6 2 . 

- 13. Divide - a 8 6 4 + 15a n 6 5 — 48a 14 6 5 — 20a 17 6 7 
by'10a 9 J 2 — a 6 6. 

14. Divide a 8 — lGz° by a 2 — 2z 2 . 

15. Divide 2a* — 13a 3 S + 31a 2 J 2 — 38ai 3 + 2^ 4 
by 2a 2 — 3ab + 4i 2 . 

16. Divide 4c 4 — 96 2 c 2 + 6b 3 c — b* by 2c 2 — 35c + S 2 . 

17. Divide — 1 -j- a?n 3 by — 1 + an. 

18. Divide a 6 + 2a 3 z 3 + z 6 by a 2 — az + z 2 . 

19. Divide J — 6z 2 + 27 z* by l + 2z + 3s 2 . 

20. Divide a 6 — 16a 3 a: 3 + G4x B by a 2 — 4ax + 4a 2 . 

21. Divide a 3 d 3 — 3a 2 ca* 3 + 3ac 2 eP — cW + a 2 c 2 d 2 — cuficP 
by a 2 d 2 — 2acsP + c 2 cP -J acM 

EXAMPLES IN REDUCTION OP FRACTIONS. 

1. Eeduce to its simplest terms the fraction 

18acf-6bdcf—2ad 
Sadf 

2. Eeduce to its simplest terms the fraction 

8a 2 — Gab + Ac + 1 
-2a 
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3. Reduce to its simplest terms the fraction 

lZae fy - A ap g + 3fi*h 
WV-fg. 

4. Reduce to its simplest terms the fraction 

ah — ac 
b-c' 



5. Reduce a — b -\ to the form of a fraction. 

x — a 

b — v 

6. Reduce x to the, form of a fraction. 



7. Reduce a + b + to the form of a fraction. , 

a 



c fi 

8. Reduce x — db i the form of a fraction. 



b + c — <J , „ „ . 

9. Reduce a to the form of a fraction. 

x — y 

10. Reduce Qaf^x+Qaf j-^- to the form of a fraction. 



11. Reduce 5acx—t — ■- to the form of a fraction. 

Jac 

12. Reduce to an eu'iire, or mixed quantity, the fraction 

"V 3 i 2 — iOa'f+Wbx 
2a 2 

13. Reduce U entire, or mixed quantity, the fraction 

fa 2 ^ 5 — gas 3 + 3abx 
f« 2 as 3 
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14. Reduce to an entire, or mixed quantity, the fraction 

a 3 — 2a 2 x -f- ab + a^ 2 — bx 
a — x 

15. Reduce the following fractions to a common denomi- 
nator : viz. 

a — x b — c Aax — c 



a + x / a — x 

16. Reduce the following fractions to- a common denomi- 
nator : viz. 

a a ■*- x c 

and — — . 



Zax — V 36 

17. Reduce the following fractions to a common denomi 
nator : viz. 

4a/ — x a — x , 5ac 

-=r , and . 

"a — c c y 

18. Reduce the following fractions to a common denomi- 
nator : viz. 

4ax +5 8uc — f 

8ac — / iax 

19. Reduce the following fractions to a common denomi- 
nator : viz. 

a + x a — 6 c — d 
and . 



a — x a + x 

20. Reduce the following fractions to a common denomi- 
nator : viz. 

a + b — c c+f x — a 

, and — - — . 

x — a c x -\- a 
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ADDITION, SUBTRACTION, MULTIPLICATION, AND DIVISION OF 
FRACTIONS. 

1. What is the sum of , and cl 

x — a a — x 

2. What is the sum of — - — , and y 1 

b a — c 

„ -.-m . , „Sa x — ay Aax „ 

3. What is the sum of — , ~, - 1 

a 3c — / 

__, . , „ ax — f ac — a 

4. What is the sum of — — -, -, bay ? 

c + a — x 

5. What is the sum of 3a ^ , 2a — 



x — a a + b 

« -r-. „ 3a , 6a — x 

6. Prom 8a + t- take ■ . 

o a — x 

8x — ax 5ax 

7. From ; take 3 . 

b c 

„ _ ax + 3ay , , 3ax — af 

8. From — — — - take ~^. 

acx — ay ay 

_ ax + d 6ax — y 

9. From ay take Say ^ — 

ax y 

„ hay , _ ,„ 6ax — ay 

10. From -^ take 7afi 2 *-. 

8x 8a — x 

36 , a — x 

11. Multiply 7a + — by ^-. 

,, - . , 5a , „ bax — ** 

12. Multiply — — by 3ay 

13 
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■.o tit u. , 9a — a; , _ , 6ax — x % 
13 Multiply by 2a + 



3a + x 



9a 



14. Multiply 3a* + ^ _* by 5 + 4% 

,- ,, u . . _ , 5 — 8a . 6a — b 

15. Multiply 6a H by 



-b 



a 2 - 6 2 



16. Divide 3ac — 2adc — f + — by 2a. 

17. Divide 4 + ^ - 3ac + 7 by ^ 

a 2c a 



,o -v -j, o , 7a6 21ac 55 2 , 8S6c 3c 2 

18. Jivide 3a 2 — — — — (- — — — 

2 4 2 8 2 



by 3a - 56 + 



3c 



.2/ SA . 

* 5s 2 llsy 10*2 , 15? 2 , „„ 

g 1 j- + 25y* 



9 



3 



2 * , * 



EXAMPLES IN EQUATIONS OF THE FIRST DEGREE. 



1. Given 1 



i i 4* 
* - iy + -g- = 6J 



x — y 



+ 7x = 41 



► to find « and y. 
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f x — y « + y -j 

2. Given ^ .4 T 5 _ ^° ^ to find af and y. 



3. Given ax A - 1- % (x —f) =9 to find at. 

c — a - . 



4. Given 



,6 — x a — x ■ 

^ = a, to find x. 



5. Given • 



4 ' 5 

8y — x 2s — y 



6 



+ 



= 5 



6s-y + ^ = 43i 



► to find x and y. 



6. Given ■ 



7. Given ■ 



»— 8 + * = A + , = 18A 



4 

8a; — 3 — 



5 

6-y 



3 . 

4a; — 4 y — 5 



= 79 



+ 6 -12| 



^-^ + ^ = 1 



to find 
« and y. 



to find 
x and y. 



a — a; a — 2a;, » , c j 

8. Given — s V x = b, to find a;. 



9. Given 



3 3 

3a — 6x 2a — 3x 



+ x — d —f, to find *. 



10. 



Given "* , y ~ , h to find a; and y. 
I a — y + a; = a )- 



11. Given i-s-^ + 5-gJ: + 4 (a; - 3) = 68, to find « 
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12. Given 



8-y+^- Z +1^3f 

I Z ~ X A 



to find x, y and z. 



( x + 2y + 3z = 14 
13. Given ^ x — y + z = 2 V to find a:, y and z. 
,'• ( 3a; + 6y + z = 18' V 



14. Given • 



b-fy + l« = 2 * 



* — y ,. s + z _ , 3 

— *T7 



+ ■ 



4 ' 5 
a— 3 y — z 



► to find a;, y aD<l a. 



= 3 



15. Given | ^+J^ 41 =7* +4S i' } to find , and y.. 

16 Given J (*+5)(y+7)=(*+l)(y-9)+"2 l to find 
lb. tuven j 2 a;+10=3y+l fa;andy. 

17. Given \ ax . ~~ * !■ to find a; and y. 

( x+y —c J 

18. Given j J_+ * = ^ to find x and y. 

( « '_ _*) 

19. Given -j 6 + y 3a + a: f to find a; and y. 

(ax + 2by = d ) 

( hex =: cy — 26 1 

20. Given 3 I9 , a(c 3 - 5 3 ) 26 3 , _ [ to find a>and y. 

M.. Given ^ _ 26/"' r to find a: and y. 

' — =»=? 
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,x + y + z = 29^ . 
22. Given J a + y — e = 18} I to find a:, y and a. 
( * - y + « = 1SJ j 

13a: + 5y = 161 ) 
7x + 1z — 209 I to find a:, y and x. 
2y + 2 = 89 ) 



r i i 

1 = o 

a- y 



24. Given - 



1 + 1 = . 

X 2 

1 + 1=0 

y z 



to find a;, y and e. 



I(W + by = c ) 
cfe + ey =f > to find x, y and s. 
gy + hz = l) 



EXAMPLES IN EQUATIONS OF THE SECOND DEGREE. 

1. Given x 2 — 5%x = 18 to find ar. 

2. Given 3a; 2 — 2a: = 65 to find a:. 

3. Given 622a: = 15a: 2 + 6384 to find x. 

4. Given 11J.C — Z\x 2 = — 41}, to find x. 

5. Given 9ja; 2 — 90Jas + 195 = 0, to find x. 

6. Given 2074S - 1616a: + 21a: 2 = 0, to find x. 

7. Given 9Ja: 2 — 90£a: + 195 = 0, to find x. 

8 . Given !*? + i*^ + 4788 = 0. to find* 
5 -05 
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9. Given x 2 — 8% = 14 to find x. 

10. Given 3a: 2 +• x = 7 to find a;. 

1 1 .- Given 1 18a: — 2£a; 2 = 20 to find x. 

12. Given 6a: — 30 == 3a; 2 to find x. 

13. Given 8a; 2 - Kx + 34 = to find x. 

14. Given 4a; 2 — 9a; = 5a; 2 — 255f -I ■ 8a; to find.*. 

,,. ^. ™ 3a; 2 21a; — 27782 loenl 

15. Given 80a; + — -\ — = 1S59£ — 3a; 2 . 

16. Given — - = — — + 1 to find av 

Gx 117 — 2a; 

,„ „. 25*+ 180 40a; 3 t . , 

17. Given —— — = 5 --r to find x. 

10a; — 81 5a; — 8 5 

.. _. 18 + a; 20a; + 9 65 

.18. Given -7- r = — -7- -. to find as. 

6(3 — x) 19 — 7a; 4(3 — a;) 

19. Given x 2 — 7a; + 3£ = to find *. 

20. Given 4a; 2 — 9a; = 5a: 2 — 255| — 8a; to find *. 



21. Given — t—ztt = » =- to find x. 

x + 60 3a; — 5 

40 27 

22. Given -\ =13 to find a:. 

x — 5 x 

23. Given — ^— — 6 = — - to find x. 

x + 2 Sx 

!>A. Given — — = — — _. — 5 to find x. 
.x + 3 x + 10 



PROMISCUOUS PROBLEMS, 

SITING KISE TO 

EQUATIONS OF ffHE FIRST DEGREE. 

1. A person expended 30 cents for apples and pears, 
giving one cent for four apples, and one cent for five pears: 
he. then sold, at the prices he gave, half his apples and one- 
third his pears, for 13 cents. How many did he buy of 
each? 

2. A tailor cut 19 yards from each of three equal pieces 
of cloth, "and 17 yards from another of the same length, 
and found that the four remnants were together equal to 142 
yards. How many yards in each piece? 

3. A fortress is garrisoned by 2600 men, consisting of 
infantry, artillery, and cavalry. Now, there are nine times 
as many infantry, and three times as many artillery soldiers, 
as there are cavalry. How many are there of each corps ? 

4. All the journeyings of an individual amounted to 2970 
miles. Of these he travelled 3J times as many by water 
as on horseback, an£ 2^ times as many on foot as by water. 
How many miles did he travel in each way 1 

5. A sum of money was divided between two persons, 
A and B. A's share was to B's in the proportion of 5 to 3, 
and exceeded five- ninths of the entire sum by 50. What 
was the share of each ? 

6. There are 52 pieces of money in each of two bags, out 
of which A and B help themselves. A takes twice as much 
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as B leaves, a'nd B takes seven times as much as A leaves. 
How much does each take ? 

7. Two persons, A and B, agree to purchase a house to- 
gether, worth $1200. Says A to B, give me two-thirds of 
your money and I can purchase it alone ; but, says B to A, 
if you give me three-fourths of your money I shall be able 
to purchase it alone. How much had each 1 

8. A father directs that $1170 shall be divided among 
his three sons, in proportion to their ages. The oldest is 
twice as old as the youngest, and the second is one-third older 
than the youngest. How much was each to receive 1 

9. Three regiments are to furnish 594 men, and each to 
furnish in proportion to its strength. Now, the strength of 
the first is to the second as 3 to 5 ; and that of the second 
to the third as 8 to 7. How many must each furnish ? 

10. A grocer finds that if he mixes sherry and brandy in 
the proportion of 2 to 1, the mixture wilj be worth 78s. per 
dozen ; but if he mixes them in the proportion of 7 to 2, he 
can get 79s. a dozen. What is the price of each liquor per 
dozen ? 

11. A person bought 7 books, the prices of which were in 
arithmetical progression, (in shillings). The price of the one 
next above (he cheapest, was 8 shillings, and the price of the 
dearest, 23 shillings. What was the price of each book ? 

12. A number consists of three digits, which are in arith- 
metical proportion. If the number be divided by the sum 
of the digits, the quotient will be 26 ; but if 198 be added 
to it, the order of the digits will be inverted. 

13. A person-has three horses, and a saddle which is worth 
$220. If the saddle be put on the back of the first horse, it 
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will make his value equal to that of the second and third ; 
if it be put on the bade of the second, it will make his value 
double that of the first and third ; if it be put on the back 
of the third, it will make his value triple that of the first 
and second. What is the value of each horse ? 

14. The crew of a ship consisted of her complement of 
sailors, and a number of soldiers. There were 22 sailors to 
every three guns, and 10 over ; also, the whole number of 
hands was five times the number of soldiers and guns to- 
gether. But after an engagement, in which the slain were 
one-fourth of the survivors, there wanted 5 men to make 13 
jnen to every two guns. Required, the number of guns, 
soldiers,, and sailors. 

15. Three persons have $96, which they wish to divide 
equally between them. In order to do this, A, who has the 
most, gives to B and C as much as they have already : then 
B divides with A and C in the same manner, that is, by 
giving to each as much as he had after A had divided with 
them : C then makes a division with A and B, when it is 
found that they all have equal sums. How much had each 
at first ? 

16. To divide the number a into -three such parts, that 
the first shall be to the second as m to n, and the second to 
the third as p to q. 

17. Five heirs, A, B, C, D and E, are to divide an inher- 
itance of $5600. B is to receive twioe as much as A, and 
$200 more ; C three times as much as A, less $400 ; D the 
half of what B and C receive together, and 150 more ; and 
E the fourth part of what the four others get, plus $475. 
Flow much did each receive 1 

18. A person has four casks, the second of which being 

13* 
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filled from the first, leaves the first four-sevenths full. The 
third being filled from the second, leaves it one-fourth full, 
and when the third is emptied into the fourth, it is found to 
fill only nine-sixteenths of it. But the first will fill the third 
and fourth, and leave 15 quarts remaining. How many 
quarts does each hold 1 

19. A courier having started from a place, is pursued by 
a second after the lapse of 10 days. The first travels 4 
miles a day, the other. 9. How many days before the 
second will overtake the first 1 

20. If the first courier had* left n days before the other, 
and. made a miles a day, and the second courier had travelled 
b miles, how many days before the second would have over- 
taken the first? 

21. A courier goes 31 J miles every five hours, and is fol- 
lowed by another after he had been gone eight hours. The 
second travels 22J miles every three hours. How many 
hours before he will overtake the first 1 

22. Two places are eighty miles apart, and a person leaves 
one of them and travels towards the other, at the rate of Si- 
miles per hour. Eight hours after, a person departs from the 
second place, and travels at the rate of 5£ miles per hour. 
How long before they will meet each other 1 

23. Three masons, A, B and C, are to build a wall. A 
and B together can do it in 12 days ; B and C in 20 days ; 
and A and C in 15 days. In what time can each do it alone, 
and in what time can they all do it if they work together 1 

24. A laborer can do a certain work expressed by a, in a 
time expressed by 6 ; a second laborer, the work c in a time 
d; a third, the woik e in a time/. It is required to find the 
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time it would take the three laborers, working together, to 
perform the work g. 

25. Required to find three numbers with the following 
conditions. If & be added to the 1st and 2d, the sums are 
to one another as 2 to 3. If 5 be added to the 1st and 3d, 
the sums are as 7 to 11 ; but, if 36 be subtracted from the 
2d and 3d, the remainders will be as 6 to 7. 

26. The sum of $500 was put out at interest, in two 
separate sums, the smaller sum at two per cent, more than 
the other. The interest of the larger sum was afterwards 
Increased, and that of the smaller diminished by one per 
oent. By this, the interest of the whole was augmented one- 
fourth. But if the interest of the greater sum had been so 
increased, without any diminution of the less, the interest of 
the whole would have been increased one-third. What were 
the sums, and what the rate per cent. ? 

27. The ingredients of a loaf of bread weighing 15lbs., are 
rice', flour tnd water. The weight of the rice, augmented by 
Olbs., is two-thirds the weight of the flour ; and the weight 
of the water is one-fifth the weight of the flour and rice 
together. Required, the weight of each. 

28. Several detachments of artillery divided a certain num- 
ber of cannon balls. The first took 72 and J- of the remain- 
der ; the next 144 and I of the remainder; the third 216 
and £ of the remainder ; the fourth 2~88 and £ of what was 
left ; and so on, until nothing remained ; when it was found 
that the balls were equally divided. Required, the number 
•if balls and the number of detachments. 

29. A banker has two kinds of money ; it takes a pieces 
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of the first to make a crown, and b of the second to make 
.the same sum. lie is offered a crown for c pieces. How 
many of each kind must he give 1 

30. Find what each of three persons, A, B and C is 
worth, knowing, 1st, that what A is worth, added to I times 
what B and C are worth, is equal to p ; 2d, that what B is 
worth, added to m times what A and C are worth, is equal 
to g ; 3d, that what C is worth, added to n times what A 
and B are worth, is equal to r. 

31. Find the values of the estates of six persons, A, B, 
C, D, E and F, from the following conditions. 1st. The sum 
of the values of' the estates of A and B is equal to a ; that 
of C and D to b ; and that of E and F to c. 2d. The 
estate of A is worth m times that of C ; the estate of "D is 
worth n times that of E, and the estate of F is worth p 
times that of B. 



PROMISCUOUS PROBLEMS, 

INVOLVING EQUATIONS OF THE SECOND DEGREE. 

1. Find three numbers, such, that the difference between 
the third and second shall'exceed the difference between the 
second and first by 6 : that the sum of the numbers shall be 
33, and the sum of their squares 467. 

2. It is required to find three numbers in geometrical 
progression, such that their sum shall be 14, and the sum of 
their squares 84. 

3. What two numbers are those, whose sum multiplied 
by the greater, gives 144, and whose difference multiplied 
by the less, gives 14 ? 

4. What two numbers are those, which are to each other 
as m to n, and the sum of whose squares is b 1 

5. What two numbers are those, which are to each other 
as m to n, and the difference of whose squares is b ? 

6. A certain capital is out at 4 per cent, interest. If we 
multiply the number of dollars in the capital by the num- 
ber of dollars in the interest, for five months, we obtain 
$1 17041f . What is the capital 7 

7. A person has three kinds of goods, which together §ost 
$230^j-. One pound of each article .posts as many times ^ 
of a dollar as there are pounds of that article. Now, he has 
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one-third more of tlie second kind than of the first, and 3| 
times more of the third than of the second. How many- 
pounds had he of each 1 

8. Eequired to find three numbers, such, that the product 
of the first and second shall be equal to a ; the product of 
the first and third equal to b ; aid the sum of the squares 
of the second and third equal to c. 

9. It is required to find three numbers, whose sum shall 
be 38, the sum of their squares 634, and the difference be- 
tween the second and first greater by 7 than the difference 
between the third and second. *" 

10. Find three numbers in geometrical progression, whose 
sum shall be 52, and the sum of the extremes to the mean, 
as 10 to 3. 

11. The sum of three numbers in geometrical progression 
is 13, and the product of the mean by the sum of the ex- 
tremes is 30. What are the numbers ■? 

12. It is required to find three numbers, such, that the 
product of the first and second, added to the sum of their 
squares, shall be 37 ; and the product of the first and third, 
added to the sum of their squares, shall be 49 ; and the pro- 
duct of the second and third, added to the sum of their 
squares, shall be 61. 

14. Find two numbers, such, that their difference, added 
to the difference of their squares, shall be equal to 150, and 
whose sum, added to the sum of their squares, shall be equal 
to 330. 

15. It is required to find a number consisting of three 
digits, such, that the sum of the squares of the digits shall be 
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104 ; the square of the middle digit to exceed twice the 
product of the other two by 4 ; and if 594 be subtracted 
from the number, the three digits become inverted. 

16. The sum of two numbers and the sum of their squares 
.being given, to find the numbers. 

17. The sum, and the sum of the cubes, of two numbers 
being given, to find the numbers. 

18. To find three numbers in arithmetical progression 
such, that their sum shall be equal to 18, and the product 
of the two extremes added to 25 shall be equal to the square 
of the mean. 

19. Having given the sum, and the sum of the fourth 
powers of two numbers ; to find the numbers. 

20. To find_three numbers in arithmetical progression, 
such, that the sum of their squares shall be equal to 1232, 
and the square of the mean greater than the product of the 
two extremes, by 16. 

21. To find two numbers whose sum is 80, and such, that 
if they be divided alternately by each other, the sum of the 
quotients shall be 3^. 

22. To find two numbers whose difference shall be 10, 
and if 600 be divided by each of them, the difference of the 
quotients shall also be 10. 



